Unit 5
Inner Product Spaces and Orthogonal
Vectors

5.1 Introduction

In previous units we have looked at general vector spaces defined by a very small number of defining
axioms, and have looked at many specific examples of such vector spaces. However, in our usual view
of the space in which we live we always think of it having certain properties such as distance and
angles that do not occur in many vector spaces. In this Unit we investigate vector spaces that have one
additional property, an inner product, that allows us to define distance, angle and other properties and
we call these inner product spaces. We have already studied some special cases of these in the
Euclidean Vector Spaces,, R™, forn =1, 2, ---, but in this unit we show how the same results apply to
other vector spaces. In particular the Euclidean space aspect is covered in the subsection "Geometry
of Linear Transformations Between R?, R and R” of Unit 3, Section 3: Linear Transformations from R"
to R™.

The approach in this section follows a very important and powerful mathematical approach in which a
very general concept, such as inner product spaces, is developed from only a very few basic defining
properties, or axioms. The properties developed for the general concept apply to a wide variety of
specific and often very different-looking manifestations. That is, any theorem or property that is proved
using the defining axioms of an inner product space, will then apply to every specific example or
manifestation of inner product space.

In particular, theorems like that of Pythagoras (sum of squares of the two sides adjacent to a right angle
in a triangle is equal to the square of the length of the hypotenuse) are shown to apply in all inner
product spaces. A method for creating an orthogonal basis (any two basis vectors are orthogonal to
each other), called the Gram-Schmidt process, is developed for all inner product spaces. Orthonormal
bases (orthogonal bases of unit vectors) were previously shown to be important in using
eigenvectors/eigenvalue to compute powers of a matrix (see Unit 4, Section 5: Diagonalizing a Matrix).
A method called least squares approximation is shown to apply to all inner product spaces. Least
squares approximation has many important applications in Euclidean vector spaces, and in finding best
approximations of data sets, such as linear regression.

The topics are:
e Basic definitions and properties of inner product spaces

e Constructing an orthonormal basis, using the Gram-Schmidt process, and applications
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Unit 5

Least squares approximation and applications

5.2 Learning objectives
Upon completion of this unit you should be able to:

write down the defining axioms of an inner product space;

define and give properties satisfied by basic concepts of an inner product space, such as angle,
orthogonality, length/distance, norm, orthogonal complement;

write down and prove a number of basic results that are true in inner product spaces, such as the
triangle inequality, Cauchy-Schwarz inequality, Pythagoras’ Theorem, the parallelogram theorem;

describe and analyse a number of specific examples of inner product spaces;

describe the Gram-Schmidt process for creating an orthogonal, or orthonormal, basis from any
other basis of an inner product space;

apply the Gram-Schmidt process to find an orthogonal/orthonormal basis from any given basis of
a specific inner product spaces;

show how an orthogonal basis allows properties of vectors to be easily calculated including
coordinates, norms, inner products, distances, orthogonal projections;

show how the Gram-Schmidt process is equivalent to finding a Q R— decomposition of a certain
matrix;

calculate the Q R— decomposition of a matrix;

explain the basic concept of "best approximation” of a vector in terms of projections in an inner
product space;

explain how the "best approximation” theory is applied to find an approximate solution, called the
"least squares solution”, of a system of linear equations Ax = b that has no exact solution;

show how the least squares solution of the linear system Ax = b is given by x = (ATA)*1 ATb,
provided the columns of A are linearly independent; and

derive least squares solutions for a variety of practical problems.

5.3 Assigned readings

Section 5.5, read sections 6.1 and 6.2 in your textbook.
Section 5.6, read sections 6.3, 6.5 and 6.6 in your textbook.

Section 5.7, read section 6.4 in your textbook.

5.4 Unit activities
1.

Read each section in the unit and carefully work through each illustrative example. Make sure you
understand each concept, process, or Theorem and how it is used. Add all key points to your
personal course summary sheets.

Work through on your own all examples and exercises throughout the unit to check your
understanding of each concept.

Read through the corresponding sections in your textbook and work through the sample problems
and exercises.
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If you have difficulty with a problem after giving it a serious attempt, check the discussion topic for
this unit to see if others are having similar problems. The link to the discussion area is found in
the left hand menu of your course. If you are still having difficulty with the problem then ask your
instructor for assistance.

4.  After completing the unit, review the learning objectives again. Make sure that you are familiar
with each objective and understand the meaning and scope of the objective.

5. Review the course content in preparation for the final examination.

6. Complete the online course evaluation.

5.5 Basic definitions and properties of inner product spaces

An inner product space is any vector space that has, in addition, a special kind of function, called the
inner product. The inner product computes a real number from any two vectors, in a way similar to the
previously-encountered scalar product in Euclidean spaces R™. The inner product function has linearity
properties, is commutative, and the inner product of a non-zero vector with itself is a positive number.
These properties are exactly the properties satisfied by the scalar product (dot product) of vectors in a
Euclidean vector space, and so Euclidean spaces R?, R? and more generally R™, with the scalar
product, are already inner product spaces. In the Euclidean spaces our intuitive idea of distance
between two points/vectors u, v is given by the scalar product /(u —v) - (u — v) = |lu — v||, and other
concepts such as perpendicular vectors and the angle between vectors are defined in terms of the
scalar product. Analogously, an inner product can be used to define a distances, perpendiculartiy, and
angles in any inner product space as shown in this section. Many theorems of Euclidean spaces,
depending on these concepts, hold true in inner product spaces, such as the well known Pythagoras’
Theorem for right angle triangles. A number of examples of inner product spaces are given in this
section. The following sections develop more extensive applications for orthogonal bases and least
squares approximations.

5.5.1 Definition of inner product space

Definition.

In a vector space V' an inner product is a function, written as (u, v), for any two vectors u,v € V,
satisfying the following five axioms (properties):

(1) (u,v) is areal number for every u,v € V (real number axiom).

(2)  (u,v) = {(v,u) for every u,v € V (symmetry or commutative axiom).

B) (u+v,w)=(u,w)+ (v,w) for every u,v,w € V (additive linearity axiom for the first variable).
(4)  (ku,v) =k {u,v) forevery u,v € V and every k € R (homogenity or scalar linearity axiom for the

first variable).
(5) (v,v)>0foreveryv#0¢cV and (v,v) =0if v =0 (positivity axiom).

Note: The symmetry axiom (2) shows that the linearity of axioms (3) and (4) also applies to the second
variable. That is, for every w,u,v € V, and every k € R:

(w,u+v) ={(w,u) + (w,v)
(v,ku) = k(v,u)

Note: Combining properties (3) and (4) shows that it is also true that it is fully linear on the first variable:

(ku+lv,w) =k {(u,w) +1{v,w)
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Using the note above it also follows that a similar result holds for the second variable:

(w,ku+1v) = k(w,u) + 1 (w,u)

Note: Setting £k = 1 and [ = —1 in the result immediately above shows that it is also true that:
(u—v,w) =(u,w) — (v,w)

Definition.
A real vector space that has an inner product is called an inner product space.

Example 5.5.1.
This example has two parts:

(@ In R2, for any two vectors u = (uy, uy) and v = (v, v2) we have previously defined the scalar
product u - v = ujv1 + ugve, Which is a real number. Show that (u,v) = u- v is an inner product,
called the Euclidean inner product.

(o)  Similarly in R™, for any n > 1 show that the scalar product
(u,v) =u-v =wuyv; + usve + - - - + u, vy, is an inner product.

Solution. It is left as an exercise for the reader to show that the scalar product satisfies all five axioms
of the definition. If you have difficulty with this then please consult your instructor or textbook.

An inner product space can have more than one choice of inner product, as the next example shows for
Euclidean vector spaces. This means that there are other ways to define "distance” in Euclidean
spaces that are different than our normal definition of distance.

Example 5.5.2.
Show that each of the following (u, v) is an inner product (the first three are called weighted Euclidean
inner products):

(@) In R2, for any two vectors u = (uj, uz) and v = (vq, v2) define (u,v) = ujv; + 2ugvs.
(b) In R2, define (u,v) = aujv; + bugve, Where a,b € R are any two positive numbers.

(¢) In R™, forafixed n > 1 define (u,v) = ajuivy + asugvs + - - - + apu, vy, Where aq, as, --- a, are
any non-negative real numbers.

(d) In R2, for any two vectors u = (u1, uz) and v = (v1, v2) define
(u, V> = QU1U1 — U1V — U2V + QUQ’UQ.
Solution. We show here the proofs for parts (b) and (d). The proofs for parts (a) and (c) are similar
and are left as an exercise for the reader.
(b)  Suppose u = (uj, uz), v = (vi, va), w = (w1, wy) are any three vectors in k2.
Proof of axiom (1):
auiv1 + bugvs is clearly a real number since it consists of products and sums of real numbers
a, ba uy, u2,v1, V2.
Proof of axiom (2):
Using the definition (u, v) = aujvy + busvy and (v,u) = avyuy + busus but
auiv] + bugvy = aviuy + busus since real number multiplication is commutative. Hence,
(u,v) = (v,u).
Proof of axiom (3):
(u+v,w) = ((u1 +v1, ug +v2), (wy, wa))
=a(u; +v1)wy + b (ug + v2) wo
= (aujwi + busws) + (aviwi + bugws)

= (u,w) + (v, w)
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Proof of axiom (4):

(ku,v) = ((ku1, kug), (v1, v2))
= akuivy + bkugva
=k (auyv1 + bugus)
=k(u,v)

Proof of axiom (5):
(v,v) = av? + b3

and av? + bv3 > 0since a > 0, ,b > 0, v? > 0, v2 > 0. That is, this inner product, being composed
of products and and sums of non-negative numbers, is also non-negative and so satisfies:

(v,v) = avi +bv3 >0
Furthermore, the only way that (v,v) = 0 is if v; = v = 0 when v = (v1, v2) is the zero vector.

(d)  Proof of axiom (1):
(u,v) = 2ujv1 — uva — ugvy + 2usvy is clearly a real number.
Proofs of axioms (2), (3), (4):
These proofs are left as an exercise for the reader and should present no problems.
Proof of axiom (5):
(v,v) = 202 — 2u1v5 + 202 = (v1 — v2)” + 02 + v2. Hence:

(v,v) = (vy —v2)* + 02 + 02 >0
and (v,v) =0 only if v; = v = 0 in which case v = 0.

Example 5.5.3.
In R? let any two vectors be given by u = (u1, uz) and v = (v1, v2) . Show that each of the following is
not an inner product in R? :

(@ (u,v) =2ujv; — 3ugvsy
(o)  (u,v) =wuivy

@) (u,v) = Vuor +uzvs
(d)  (u,v) =ufvi +ujvi

Note: In order to show that a function (u, v) is not an inner product it is only necessary to find two
specific vectors u, vf or which one of the five axioms fails to hold.

Solution. ltis left for the reader to show that each one fails to satisfy at least one axiom of the
definition as follows:

Show that (a) does not satisfy the positivity axiom 5 (for example, when u = (0, 1), v = (1,1)). In
addition it does not satisfy axiom (2).

Show that (b) does not satisfy axiom 5 (for example, if u = (0, 1), v = (1,1) - but for a different reason
than in part (a).

Show that (c) does not satisfy axiom (1) because it is not even defined as a real number for some
choices of vectors u, v. In addition, even when it is defined axioms 3 and 4 are not satisfied.

Show that (d) does not satisfy axiom (3). In additon it does not satisfy axiom (4).
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Unit 5

Example 5.5.4.
In R™ show that any n x n real non-singular matrix A generates an inner product defined in terms of the
Euclidean inner product by:

(u, v) = Au- Av

Note: This can be re-written in the standard way as a matrix product:
Au-Av =(Au)T Av=uT4TAv

Solution. Proving each axiom:
Axiom 1 (it is a real number) is clearly satisfied.
Axiom 2: (u, v) = uTAT Av and (v, u) = v’ AT Au appear to be different, but are in fact the same.
This is because u” AT Av is a real number and so transposing it does not change its value. Hence,
transposing, using the usual matrix formula that the individual parts of the product are transposed in
reverse order:
v AT Au= (VTATAu)T
= ula” (aT)" (v1)"
=u"ATAv

Axiom 3: Forany u, v, w € R" :

u+v,w)=@u+v)  ATAw
= (uT—i—vT) ATAw
=ulATAw +vTATAw

= (u,w) + (v, w)

Axiom 4: Foranyu, ve R"and k € R :

(ku,v) = (ku)" ATAv
=kuTATAv
=k(u,v)

Axiom 5: Forany v € R"

(v,v) =vTAT Av
= (AV)T Av
= ||Av|]* (the usual Euclidean norm)

Since A is non-singular it follows that Av = 0 only when v = 0, and so ||Av|| > 0. when v # 0. Hence:

(v,v) >0whenv #0
(v,v)=0whenv =0

Theorem 5.1. An inner product exists in every finite dimensional vector space V. That is, every finite
dimensional vector space can be made into an inner product space.
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Proof. Suppose V has dimension n and has a basis {b;, bs, bs,--- ,b,} . For any two vectors
u, v € V suppose that the unique linear combinations of the basis vectors are:

u = kiby + kobg + ksbz +-- -k, b,
v =liby + lbby +Il3bs +---1,b,

Define the inner product as the scalar product (Euclidean inner product) of the coordinates of the two
vectors:
(u, V> = klll + kglg + kglg + 4 knln

This is clearliy a real number, so Axiom 1 holds. It is easy to show that (u,v) = (v,u),

(u+v,w) = (u,w) + (v,w) and (ku,v) = k (u,v), so Axioms (2), (3), (4) hold (verify these for
yourself). For Axiom 5, (u,u) = (k1)* + (k2)® + (k3)* +--- + (kn)” > 0 and clearly (u,u) = 0 only if
ki =ky =k3=---=k, =0, whichmeans u = 0.

O

Theorem 5.2. [fV is an inner product space, and S is a subspace of V then S is also an inner product
space with the same inner product function as V.

Proof. This is left as an exercise for the reader. Convince yourself that all five axioms for the inner
product of V' will also be true in the subspace S. O

Example 5.5.5.
In R find a formula for the inner product induced, as in Theorem 5.1, by the basis
B ={(1,0,0), (1,2,0), (1,1,1)}.

Solution. Put the basis vectors as the columns of the matrix P. To express a vector v = (z, y, z), with
respect to the standard basis, in terms the basis B we need to find a vector multiplying P on the right
that gives the vector v. That is, using column matrices for vectors, the required coordinates, X, Y, Z, for
the basis B satisfy:

P P
1 1 11 X X 1117 ' [z
yl=10 21 Y| = |v|=]|021 y
=] o001 Z A 00 1 2
X ] _1—%§ rT—§—3
Y I=|0 3 7 %*%
z | o 0

Hence, using this formula for the coordinates, the induced inner product for two vectors
u= (U’17u27u3) y V.= (U17U27U3) is:

S R SR AT B
) 1 2 272 27 3 1 2 272 273

( U2 U3) ( ) U3) n <U2 Us) (Uz U3) + uav
= —_—— = — v - —= — — _—— — _—— — «
My )T Ty 2 2 )\9 7 303
1 1 1 " 1 1 n
2u1v2 2’LL2U1 2u1v3 2UQ’U2 2U31)1 2U3’U3

5.5.2 Norm, length, distance, angle, and projections

Definition.
In an inner product space with inner product (u, v) , define:
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1. the norm or length of a vector v as:
vl = V{v,v)

2. the distance d (u, v) between the two point/vectors u, v as the length of the vector u — v, namely:
du, v) =|lu—v||=y{u—v, u—v)

3. the angle 6 between two non-zero vectors as the angle 0 < 6 < r satisfying:

(u,v)

cosf =
([ull vl

Note: The angle definition is analogous to the formula found for angles in a Euclidean space defined in
terms of the scalar product. That is, we previously saw the scalar product formula, u - v = ||ul| ||v|| cos 8,

where ¢ is the angle between the Euclidean vectors u, v. Thus gives the analogous Euclidean space

formula:
u-v

cosf =
[[all v

This is the same as the inner product formula above because u - v is an inner product (see Example
5.5.1).

Note: For any angle 6 the cosine function satisfies —1 < cosf < 1. Hence, the above formula for angles
in an inner product space can only make sense if —1 < % < 1 for every pair of vectors u, v in an

inner product space. This result is true and it is known as the Cauchy-Schwarz inequality, described
next in Theorem 5.3.

Theorem 5.3. The Cauchy-Scwarz inequality. For any two vectors u, v in an inner product space the
inner product (u, v) satisfies:
[(w, v)| < [a]f f|v]|

Note: The inner product (u, v) is a positive or negative real number so |(u, v)| means the absolute
value of (u,v), whereas u, v are vectors and so |lu|| = /(u, u), |v|| = v/(v, v) are the norms or
lengths of the vectors.

Proof. The proof is short but non-intuitive, and so is not given here. The proof may be found in most
textbooks. O

Note: Since |(u,v)| = (u, v) or |[(u, v)| = — (u, v) (whichever is positve), then the theorem can be

restated:
(u,v) < lull |Iv] :>{ (u,v) < |[[uf[Iv]
—(u,v) < |[uf[[]v]] (u,v) > —[[ull []v]|

£ {u,v) < il v = {
since multiplying an inequality by a negative number reverses its direction. Hence, the theorem is

equivalent to:

(w,v)

This justifies the definition of angle 0 between vectors given by cosd = Tl (since cos f assumes
every value between -1 and 1 for just one value of 8 with 0 < 6 < 7, often written in terms of the inverse
cosine formula, § = arccos (m))

Definition.

Two non-zero vectors u, v in an inner product space are said to be perpendicular if the angle ¢

between them is § = 7 radians (90 degrees), which is equivalent to (u,v) = 0 (since for angles
between 0 and , cos ! = 0 <= 0 = 5 and therefore (u,v) = |lu| [|v|[cosf = 0 <= 0 = T).
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Theorem 5.4. The norm or length of a vector in an inner product space satisfies the normal properties
that we expect of length and distance. That is, for any two vectors u, v of an inner product space:

(@) ||v|]>0and|v| =0onlyifv =0 (the zero vector).

(b) |lkv|| = |k|||v| for any k € R. - multiplying a vector by a scalar changes the length of the vector by
the positive value of that scalar.

(¢) |lu+v]| < |ull +||v] - sometimes called the triangle inequality. That is, the sum of two vectors
cannot be longer than the lengths of the two individual vectors.

Proof. The following outlines the proof:
(a) See the exercise set.

(b) Foranyk e R:

|kv|| = V/(kv, kv) = V/k (v, kv) by Axiom 4
= +/k? (v, v) by Axioms 2, 3, 4 (see Note after Axioms)
= |k|\/(v, v) since Vk2 = |k| forany k € R
(c) Starting with the square of the left side and using the axioms of inner products:

||u+vH2: (u+v,u+v)
= (u,u) +2(u,v) +(v,v)
2 2 2
[u+v[" = flul” +2(u,v) + v]

Using the Cauchy-Schwarz inequality formula: (u,v) < |lu]| ||v]| this becomes:

la+vI* < all® + 2{a]l V]| + v]* =

2 2
la+ (" < (lull +Ivi)

Taking square roots of both sides gives the result.

Example 5.5.6.
In R3letu = (1, 0, 0) and v = (2, — 1, 3). Define the inner product by (u, v) = Au- Av = uT AT Av
where A is the matrix:

A:

N O =

o w o
l\Dll\')
—
[

(a) Compute (u, v).

(b)  Compute the norms |jul|, ||v]| .

(c) Find all vectors w perpendicular to u.

(d)  Find the equation satisfied by all vectors w = (x, y, z) with |w| = 1.

Solution. The following outlines the solution:
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Using the scalar product form:

N O =

o wo

l\7|[\3
—

| I

| — |

w | o
—

| I

ull* = (u, u) = Au- Au = [ 0

—
| I |
—
O =
I |
I
ot
=
I
S

Show for yourself that ||v|| = v/200 = 10v/2.
If w = (z, y, ) thenitis perpendicular to u = (1, 0, 0) if (u, w) = Au- Aw = 0. That is:

1 1 2 T 1 T+ 2z
0=Au-Aw=|0]|-]|0 -1 y|=101|-] 3y—2z | =5x+62
2 2 2 z 2 2+ 2z

Hence, w = (z, y, z) is perpendicular to u exactly when 5z + 6z = 0.
Note: The equation 5z + 6z = 0 defines a set of vectors w that is a plane through the origin of Rr3
(that is, the vectors w go from the origin to points on the plane 5z + 6z = 0).

o W o

Since ||w|| > 0 when w # 0 it follows that | w| = 1 if, and only if, |[w|* = 1. Hence, the vectors
satisfy:

T+ 2z T+ 2z
l=|lwl|>’=Aw-Aw=| 3y—z | | 3y—z | =522 +9y> + 922 + 1222 — 6yz
2z 4 2z 2z 4 2z

Hence, ||w|| = 1 exactly when 522 + 9y? + 922 + 1222z — 6yz = 1.
Note: In a Euclidean coordinate system this is the equation of an ellipsoid with centre at the
origin.

Example 5.5.7.
Using the weighted Euclidean inner product on R? given by:

(u, v) = 2ujv1 + 3ugvg

Letu=(3, —2), v=(1,4).

(@)
(b)
(c)
(d)
(e)

e

Find the norms u, v.

Find the inner product (u, v).

Find the distance between the vectors/points u, v.
Find the angle between the vectors u, v.

Find the set of all vectors perpendicular to u.

Solution. The following outlines the solution:

(@)

Unit 5

[ul| = /{u, u) =y/2u} + 3u3 = +/30. Similarly |v| = v/50
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(b)  (u, v) =2uyv; + Bugvy = —18

© Ju-v|=y@u-v,u-v)=+/{(2,-6), (2,—-6)) =126 and this is the distance between the
vectors/points u, v.

. Using a calculator, the approximate value

(d) The angle ¢ satisfies cos = \stl\ll7\lvv>ll =
of the angle 6 is:

18 9
V3050~ 5V15

9
6 = arccos | ———— | ~ 2.054 2radians
( 5v 15)

In degrees the approximate value is:
180
2.0542 x — =~ 117.70 degrees
Vs

Note: This angle is different from the angle calculated using the standard scalar product, which is

. uv_ u-v _ 5 i ~ H
cosf = Wil = Vanes — — Voo 9ving 6 ~ 1.913 8 radians or about 109. 65 degrees.

() The vector w = (wq,ws) is perpendicular to u if:

0= (u, w) = 2ujw; + 3ugwy = 6wy — 6ws

The set of vectors perpendicular to u therefore satisfies 6w, — 6ws = 0, or simply w; = ws. In a
Euclidean coordinate system this is a line through the origin at 45 degrees to the axes. That is
every vector from the origin along this line is perpendicular to u.

Theorem 5.5. This theorem is in two parts:

(a) Pythagoras’ Theorem. For any two perpendicular vectors u, v in an inner product space both of
the following hold:

2 2 2
[al[” + [lv]" = fla = v||

2 2 2
[al” + [Iv]I” = [lu+v]|
(b)  The cosine law. If § is the angle between two vectors u, v in an inner product space, then:

2 2 2
u =" = [lul|” + [[v[|" = 2{[u][|v] cos

Note: To see the connection with the usual theorem of Pythagoras and the cosine law in R? think of
u, v as being two vectors in R, starting from the origin with angle 6 between them. The vector joining
the end of v to the end of u (the hypotenuse of the triangle) is u — v. Hence, part (b) of the theorem in
R? states that the square of the length of the hypotenues is the sum of the squares on the other two
sides of the triangle minus 2 ||u|| |v|| cos 8. This last term is zero when the vectors are perpendicular,
thus giving Pythagoras’ Theorem. See Figure 5.1.

Proof. By the definition of norm and the axioms of the inner product definition:it follows that:

Hu—vH2:(u—v, u-—v)
—v

G

—~

u, u) — (v, u

(u, v) + (v, v)

) —
= ul® =2 (a, v) + v/

Using the definition of angle, (u, v) = ||lu|| ||v| cos 8, between the vectors, this becomes the part (b)
result:
2 2 2
[lu = v[|” = [[uf” + [[v]]" = 2Jul[[v] cos 6
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N = 1vIE = U = vi2

uind <+ iviE =2iuniy CDE{]= - v
Pythagoras’ Theorem e ' i :

(right angle triangle) Cosine Law (any triangle)

Figure 5.1: Pythagoras’ Theorem

If the vectors u, v are perpendicular then cos @ = 0, and part (a) of the theorem follows:
2 2 2
o= v[I” = [lu]” + (v

Replacing "v” by "—v” gives the alternate form of the part (a).

Theorem 5.6. The parallelogram theorem. Given two vectors u, v:

2 2 2 2
2 (Iall® + IvI1*) = = vI* + fu+ v

Note: This can be interpreted as follows. The sum of the squares of the lengths of the four sides of a
parallelogram is equal to the sum of the squares of the lengths of the diagonals, as in Figure 5.2.

Proof. Try this for yourself. Use the norm property ||w||* = (w,w) applied to |u — v|* and [Ju + v||*,

together with the axioms satisfied by the inner product.

Example 5.5.8.
In Ms, (all 2 by 2 matrices) prove:

(a) The following is an inner product:

b b
(A,B) = < { i 2 } ) { bll b12 ]> = a11b11 + a12b12 + a21b21 + a22b2
a1 Q22 21 022

That is, multiply the matrix entries in the corresponding positions and add them together.
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200U + 1vi2) = nu + vir+ mu - vii?
Parallelogram Theorem (any parallelogram)

Figure 5.2: Parallelogram Theorem

(b) Prove that the two vectors/matrices are orthogonal with respect to the inner product:
1 3 0 2
o-l2 A]o-[5 8]
(c) Find the hypotenuse H of the triangle for which two of the sides are the orthogonal

vectors/matrices C, D, and confirm that these satisfy Pythagoras’ Theorem.

(d) Find the angles between C and H and between D and H. Do the angles of this triangle add up to
180 degrees?

Solution. The following outlines the solution:

(&) We could prove that each of the five axioms hold for this formula. However, note that the matrix
shape plays no role in the formula for (A, B). That is, if we re-write the matrix entries as vectors:

A— ((1117 a12, 21, a22), B — (bn, bi2, ba1, 522)

then the formula is exactly the same as the Euclidean inner product on R*, and so it must be an
inner product in Ms,.

(b) (C, D)y=1x0+3x2+2x3+ (—4) x 3 =0.Hence, the matrices/vectors are orthogonal.

(c) The hypotenuse vector/matrix is given by:
1 3 0 2 1 1
H:O_D:b —4}_[3 3}:[—1 —7}
Computing the norms (squaring all of the entries and adding them):

|H|]* = (H,H) = 52, ||C|]” = (C,C) = 30, |D|> = (D, D) =22

and we have:
IC|1* + ||D|* = 30 + 22 = 52 = || H|”
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—t : | |
_/'a’\.{x; parallel

to the line L

Figure 5.3: Projection onto a Line

(d) The angle 6 between C and H is given by:

(C, H) 32 .
cosf = = = 0 ~ 0.626 32 radians, ~ 35.885degrees
ICIIIH] v30v/52
The angle ¢ between D and H is given by:
(D, H) —22 .
cos ¢ = = — ¢ ~ 2.2790 radians, ~ 130. 58 degrees
IDIIHI v22v52

Since the third angle in the triangle is 7 radians or 90 degrees, the angles of this triangle clearly
do not add up to 180 degrees. That theorem only works with the standard Euclidean norm.

Definition.
In an inner product space, the projection (also called orthogonal projection) of a vector q onto a vector
t is a vector p parallel to t such that p — q is orthogonal to t, as in Figure 5.3.

Note: This is exactly analogous to the previously-defined projection in an Euclidean vector space (see
Unit3, Section 3: Linear Transformations from R™ to R™) where the projection is given in terms of the
scalar product by p = ﬁt =qtt,

Definition.

In an inner product space, the reflection of a vector ¢ in the line formed by a vector t is a vector r such
that p — r is orthogonal to t and such that the mean, % (p + r) is the projection of q ono t, as in Figure
5.4.

Note: This is exactly analogous to the previously-defined reflection in an Euclidean vector space (see
Unit3, Section 3: Linear Transformations from R™ to R™) where the reflection is given in terms of the

scalar product by r = 2H<:"|‘;>t —q.

Theorem 5.7. Ifq,t are any two vectors in an inner product space V then:
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\
\
\
\
\P - q
A
h fl = :
r is the reflection ‘
of the vector q in the vector t —'.‘

Figure 5.4: Reflection in a Line

(a) There exists a unique vector p that is the projection of the vector q onto a vector t, given by the
formula:
_{a,t) (qt)
p=-——5t=
e (e t)
(b)  There exists a unique vector r that is the reflection of q in t, given by the formula:

(q,t) (q,t)
P L7 A\
PE e YT e

Proof. The proofs are exactly the same as for Euclidean spaces, except that the scalar product is
replaced by the inner product. Try it for yourself, and look at the proofs in Unit 3 if you have difficulty.
O

Example 5.5.9.
Using the Mss inner product and matrix D of Example 5.5.8, find the projection of the matrix C onto the
matrix D and the projection of the matrix £ onto D where:

1 3
I ERY
Proof. From Theorem 5.7 the matrix M that is the projection of C onto D is given by:

u- 5804 3]-[4 ]

and so the projection is the zero vector, because the two matrices are orthogonal to each other.
From Theorem 5.7 the matrix M that is the projection of E onto D is given by:

u-EBo-2[22]-[ 4 §]
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Example 5.5.10.
Requires calculus. In P, find the reflection of the polynomial f () = « in the polynomial

g(x) =1+ 2+ 22 + 23, using the inner product ffl f(z)g(x) dz.

Solution. The reflection polynomial i (z) is given by the formula:

Ziggu»—fu>

@) g(2) do
L f@)g(@) da

h(z)=2

=2

g9(z) —g(x)

Section 5.5 exercise set
Check your understanding by answering the following questions.

1. In R? prove that (u,v) is an inner product (show it satisfies the five axioms):
(u,v) = 2ujv1 + 3ugvs
for any two vectors u = (u1, ug) and v = (vy, vs).

2. In R? let any two vectors be given by u = (u, us) and v = (v1, vs). Show that each of the
following is not an inner product in R2. Recall that you need only produce one example where the
result fails in order to disprove something.

(@) (u,v) =—2ujv; + 3ugvy

(b)  (u,v) =ujv; +usg

() (u,v) =wuivy +usvs +1

(d)  (u,v) = |uiv1 + ugv2| (absolute value)
(&) (uv)=tatu

3. Using the inner product on R? given by (u,v) = 2ujv; + 3ugvs:
(a) Find the lengths of the vectors (1, 0),(2, —1).
(b)  Find the inner product of the two vectors above.
(¢) Find the angle between the two vectors.

4. Define an inner product on R? by:

((u1, ug, ug), (v1, ve, v3)) = 2urv1 + 3uavs + u3vs3

(a) Find the length of the vector (3, 2, 1).

(b)  Find the inner product of the vector (3, 2, 1) with the vector (0, 1, —2).
(c) Find all vectors perpendicular to the vector (3, 2, 1).

(d) Find the distance from (3, 2, 1)to (0, 1, —2).

5. Define an function on P; for any two polynomials p (z) = ag + a1z + azx?, q(x) = by + bz + baa?
by:
(P, @) = agbo + a1by + azbs
(a) Prove that it is an inner product.
(b)  Find the length of the vector p (z) = 2 — 3z + 422
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(c) Find all vectors perpendicular to the vector p (z) = 1.
(d)  Find all vectors perpendicular to the vector p () = 1 + 2z — 2.

6. Note: Requires calculus. Repeat the previous problem, parts (a), (b), (c), but with the inner
product defined for any two polynomials in p, ¢ € P; by:

(p, q) =/ p(z)q(r) dv

-1

7. Using the matrix-based inner product for R? defined by (u, v) = u” AT Av (see Examples 5.5.4

and 5.5.5), where:
=107
(a) Find the length of the vector (1, 1).
(b)  Find the inner product of the vector (1, 1) with the vector (0, 1).
()
(d)

c
d

Find the distance from (1, 1) to (0, 1).
Find the angle between the vectors (1, 1) and (0, 1).

8. In R? define a function (u, v) = u” AT Av where:

A:

—_ o

[ )
| I

Is it an inner product for R2? Justify your answer.

9. In R? with inner product (u,v) = 2ujv; + 3usvs, find the equation satisfied by all vectors with
[uf = 1.

10. Find a formula for the inner product in Ps given in Theorem 5.1, when the basis of P; is
{1, z, 1+ x2} .

11.  In My, for any two matrices A = [a;5], B = [b;;] define:
(A, B) = a11b11 + 2a12b12 + 3a21ba1 + 4agabas

That is, multipy elements in corresponding positions in each matrix and form a weighted sum.

(a) Show this is an inner product.
(b) Compute the norm of the matrix/vector given in question 7.
() Compute the inner product of the two matrices/vectors:

oo ][]

(d)  Compute the distance between the two matrices/vectors above.
(e) Compute the angle between the two matrices/vectors above.

12.  Use the Cauchy-Schwarz inequality to prove:

(a) Forany two vectors u,v € R?

Nl
ol

lugvr 4 ugve| < (uf 4+ u3)? (v +0v3)
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(b)  For any two vectors u,v € R"

lurvy + ugve + - Funve| < (Ui +ud+ oo Ful)? (VT v+ e +02)?

(c) Requires calculus. For any two functions f, g continuous on [0, 1]:

[/Olﬂx)g(x) dxr < Uolf(x) ia] [/Olg@c) is]

(d) Requires calculus. For any two functions f, g continuous on [0, 1]:

UO serratr dmr = [/0 f@F dmr v /O 9 @) J

13. Let V be any inner product space. Prove that the inner product function can be expressed in
terms of norms of the vectors by:

1 1
(w,v) = ¢ futv]? = fu—v]?

14.  Show that Pythagoras’ Theorem can be written in the following form and prove this result. For all
non-zero vectors p, q, r satisfying (p —r) - (r — q) = 0, it is true that:

2 2 2
lp—r|”+|lr—ql|” = lp —ql

15.  In any inner product space prove that if ||v|| = 0 then v = 0 (the zero vector).

16. If V is an inner product space then prove:

(@) IfueV,is afixed vector then prove that the set S = {v € V' | (u,v) = 0}, of all vectors
perpendicular to u, is a subspace of V.

(b) If wis perpendicular to each of the vectors in T' = {vy,vs, --- vi} then w is perpendicular
to every vector in the linear span of T' (that is, all linear combinations of the vectors v;).

(c) The set S of all vectors w € V perpendicular to T is a subspace of V. Note: Sometime S is
designated by the symbol 7.

(d) Ifthe set T in part (b) is a basis of V then w must be the zero vector (that is, only the zero
vector is perpendicular to every vector of a basis).

17. In aninner product space V prove that any three vectors satisfy:

Vi +vo + vl < [lval + [[vall + [ vs]]

Solutions

1. (u,v) = 2uyv; + 3ugvy is clearly a real number so Axiom 1 is satisfied, and clearly
(u,v) = (v,u) = 2uyv1 + 3uzvy S0 Axiom 2 is satisfied.
Axiom 3 follows from the linearity of real number multiplication/addition:

(u+w,v) =2(u; +wy) vy + 3 (ug + wa) va
= 2U11}1 + SUQUQ + 2’[01’[)1 + 3U)2’l)2
= (u,v) + (w,v)
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Axiom 4 follows in a similar way:

(ku, v) = 2kuy + k3us
=k (2u1 + 3us)
=k {u,v)
Axiom 5 follows easily:
(u,u) = 2u? +3u3 >0
and clearly (u,u) =0 only if u; = ug = 0.

Note: In each case one Axiom is shown to fail, but it is noted that other Axioms fail as well. Try
yourself to find examples of failure for these other Axioms.

(@) (u,v) = —2uqv; + 3ugv,y satisfies the first four axioms but Axiom 5 fails if, for example,
= (1,0) when (u,u) = —2 is negative.

(b)  (u,v) =wujv; + ug satisfies Axioms 1, but none of the other axioms. For example, Axiom 2
fails when u = (1,1), v = (1,0) because (u,v) =2 # (v,u) = 1.

() (u,v) =ujv1 + ugvy + 1 satisfies Axioms 1, 2, 5 but not Axioms 3 and 4. For example, to
disprove Axiom 3, ifu=(1,0), v=(1,1), w = (1,0) then:
(u+w, v)=3, (u, v)+(w, v)=2+42=4

SO (u+w, v) # (u, v) + (w, v).
(d)  (u,v) = |uivy + ugve| satisfies Axioms 1, 2, 5 but not Axioms 3 and 4. For example, to
disprove Axiom 4, if u = (1,0), v = (1,0), k = —2 then:
(u, vy =1, (ku, v) =2, k{(u, v) = -2

so (ku, v) # k (u, v).
(e) (u,v)= 2t 4 =2 does not satisfy any of the axioms. For example, Axiom 1 does not hold if
u = (1, 0) becatse (u,v) is not defined (cannot divide by zero).

fu=(1,0),v=(2, —1), (u,v) = 2uyv; + 3ugvs, then:

@ |ul| = {u,u) = /2u? + 3u? = V2. Similarly ||v| = V11.
(b) (u, v) =2ujv; + 3ugve = 4

v)

() The angle 0 between 0 and = is given by cos 6 = Hﬁﬁlvl\ = % and it is approximately (using

a calculator): 6 = arccos (ﬁ) ~ 0.549 47 radians (or 31. 482 degrees). Note: This is not the

usual angle between these two vectors given by the Euclidean norm, which is about 0.463 65
radians or 26. 565 degrees -check this for yourself.

If ((u1, ug, us), (v1, va, v3)) =2uivy + 3ugve + uzvg andu = (3, 2, 1),v =(0, 1, —2) then:
@ ul| = () = /2u? +3ui +uZ =31
(b)  (u,v) =2ujv; + 3ugve + uzvs =4
The vector w = (wq, wa, ws) is perpendicular to u if:

—
(¢
-

2uiwy + 3usws + ugwsz = 0 =
6wy + 6ws + ws =0

This is the equation of a plane through the origin. That is, all vectors from the origin to a
point on this plane are perpendicular to u.
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(d  Ju-vl=y{u-v,u-v)=/31,3),3 1, 3) =30
5 If f(z) = ap+ a1 + axx?, g (x) = by + bz + box® and (f, g) = aobg + a1by + azby then:
(@) Axioms 1 and 2 clearly hold since agbg + a1b; + asbs is a real number, and the real number
multiplications are all commutative. Axiom 3 holds because if h (z) = ¢ + c1z + co2? then:
(f+h, g)=(ao+co)bo+ (a1 +c1) b1 + (az + c2) bz
= (apbo + a1by + azba) + (cobo + c1b1 + cobz)
={f, 9)+(h, g)

Axiom 4 holds because:
(f. f)=aj+al+a3>0
and (f, f) =0onlyifag = a1 = az = 0 (that is, when f (z) is the zero function).
0 lp @)l =/{p, ) = Vpg + i +p3 = V29

(€) q(z)=qo+ qz + go2? is perpendicular to p (z) = po + p1z + p22? = 1if:

qopo + 1p1 + @2p2 = 0 =
qo = 0 (since po = 1,p1 = p2 = 0)

Hence, the vectors/polynomials perpendicular to p (z) = 1 are all polynomials of the form
q(z) = q1 + qo2? for any real values q1, ¢o.

(d)  Similar to the previous part ¢ (x) must satisfy:
qopo + q1p1 + q2p2 =0
where po =1, p1 =2, po = —1. That is:
do+2¢1—q2=0

That is, replacing ¢» by (go + 241) , all vectors/polynomials perpendicular to
p(z) =1+ 2z — a2 are q(v) = qo + 12 + (qo + 2q1) 2%, for any real values qo, q; -

6. |If f(z) =ao+ a1z + azx?, g(x) = by + biz + bz and (f, g f_ ) dz then:

(a) Axiom 1 holds because the integral always exists (when the functlons are continuous) and is
a real number.
Axiom 2 holds because (f, g) = (g, f) = ffl f(x)g(z

Axiom 3 holds because if h (z) = cp + c12 + coz? then:
(tahg= [ G@rh@)@ d
—1
1
- [ t@s@+h@a @) i
/ f(z dm+/ h(x)g(x) dx

9)+ (h, g)

Axiom 4 holds because if & € R:
1

(kf, 9)= [ kf(x)g(z) do

-1
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Axiom 5 holds because:

1
g = [ U@Pdzo
since the integral of a non-negative function over any interval is a non-negative value. A
theorem of calculus shows that the only way this integral can be equal to zero when f is
continous on the interval [—1, 1] is when f (x) is equal to zero for every z in the interval.
Note: This proof also works for the vector space of functions for which the integrals exist,
such as the vector space of all functions continuous on [—1, 1]. The proof also works if
different limits of integration are used to define the inner product formula.

®) (@)l =/ p)=1/[!, Ip(2)]” dzand this is given by:

1 1
2 xr = — o fL'2 X
\//_1[,3(1)161 \//_1(2 S0+ 422)? d

1
= \// (162* — 2423 + 2522 — 122 + 4) dx
-1

1
16 25
= \/5x5 —6x4+§x3—6x2+4x

_ 16
V15

(€)  q(z)=qo+ qz + q2? is perpendicular to p (z) = po + p1z + p22? = 1f:

-1

1

0=(p, q) =/ p(z)q(z) dx

—1

1
0:/ (q0+q1x+qzx2) dx
-1
1

.Z‘2 1:3
0= e
qoT + q1 5 + g2 3],
2
0:290+§Q2
q
O=w+y

Hence, substituting ¢o = —%, the polynomials perpendicular to p (z) = 1 are
q(z) = =2 + qa + goa®.

7. Letu=(1,1), v=(0, 1). First compute:

ea=[3 0[5 1]-[4 8]

@ |lu] = +/(u,u) = VuT AT Au and this is given by:

u'ATAu=[1 1}[2 fOHHZ%

Hence, ||u|| = v/26. Similarly, ||v| = +/10.
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This is given by:

(u,v)=u"ATAv=11 1]{‘61 160} {(1)}16

lu—v|] =+{(u—-v,u—v)and (u—v,u—v) is given by:

=(u-v)"ATA(u-v)
-todfe w ][]
4

Hence, the distance from (1, 1) to (0, 1) is v/4 = 2.

The angle 0 between u and v is given by:

(u,v) 16 8

~ulllivil v26vio V65

The approximate angle (using a calculator) is 8 = arccos % ~ (.124 35 radians or about 7.

124 7 degrees. Note: This has no relationship to the angle calculated using the Euclidean
inner product, which is 7 or 45 degrees.

(u—v,u—v)

The function (u, v) = u? AT Av is defined for all vectors u, v € R? and is a real number (since
the sizes of the four parts of the product are compatible: 1 x 2, 2 x 3, 3 x 2, 2 x 1, and the result
has size 1 x 1). Hence, Axiom 1 is satisfied.

Axiom 2 is satisfied because (v, u) = v AT Au = (vTATAu)T (since the transpose of a number
is the same number). Hence:

(v, u) = (VTATAu)T =ulATAv = (u,v)

Axiom 3 is satisfied since:

ut+w, v)=u+w) ATAv
=ulATAv + wTATA v
={(u, v) + (w, v)

Axiom 4 is satisfed since for k € R:

(ku,v) = (ku)” AT Av

Axiom 5 is satisfied since:

(v,v) =vTAT Av
= (Av)"

= ||Av|® (standard Euclidean norm)

and so (v,v) = ||Av]||* > 0. Furthermore, Av = 0 only if:

HIBsHE AR

which shows v = 0.
Hence, all five axioms are satisfied and so the function is an inner product.
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|lu|| = 1if, and only if, |lu]|* = 1, which is 2u2 + 3u2 = 1. In the standard Euclidean axis system,
this is an ellipse.

Any vector/polynomial p (z) = po + p1x + p2x? can be expressed in terms of the basis by:
p(x) = (po—p2) x 1 +p1 x z+pa x (14 27)

Hence, by Theorem 5.1 the inner product defined as a dot product by this basis is:

<pa Q> = (po — D2, D1, pz) : (QO — g2, Q17(J2)
= (po — p2) (g0 — q2) + P1q1 + P2g2
(P, q) = Pogo — Pog2 + P1q1 — P2qo + 2p2G2

Hence, the inner product is:

(P, q) = Pogo — Pog2 + P1q1 — P2qo + 2P2G2

(a) We could prove that each of the five axioms hold for this formula. However, we can avoid this
by using the method of Example 5.5.8. Note that the matrix shape plays no role in the
formula for (A, B). The formula is exactly the same as a weighted (weights 1, 2, 3, and 4)
Euclidean inner product on R* where the matrix entries are re-written as vectors:

A— (6111, a2, a21, a22), B — (b117 b2, boy, b22)

Since a weighted Euclidean inner product is always an inner product, then the matrix formula
A, B) is also an inner product.

|

Y)=1x042x0x3+3x0x14+4x1x0=0

=1x2242x324+43%x0+4x12=26

(
o |[3
(¢, D

(d) (C—D,C—D):<[11 ‘13}, {11 ‘13D:1+2(—3)2+3(—1)2+4:26.Hence:

|C —D| =+/(C—-D, C—-D)=+26
(e) If 8isthe angle between C and D then:

(C,D)

cosf) = ———
Dl

= 0since (C,D) =0

Hence, 0 = 5 (90 degrees). The matrices are perpendicular to each other.

The Cauchy-Schwarz result (Theorem 5.3) is: |(u, v)| < [Ju]| [|v]|-

(@) Ifu=(uy, us), v=(vy, vg) with the inner product is the standard scalar or dot product so

that (u,v) = uyv; + ugve and |[ul| = \/u3 +u3, ||v| = /v? + v3. Applying these in the
Cauchy-Schwarz formula gives the required result:

[urv1 + ugve| < \/sz +ud\/v? + v2

(b)  The proof is very similar to part (a). Try this for yourself.

Linear Algebra 2 MATH 2300 23



13.

14.

15.

16.

Unit 5

(c) The function (f, ¢ fo ) dz is an inner product for the vector space of functions
continuous on [0, 1] (see the proof of questlon 6(a). With this inner product:

Ifll = \/fo1 [f () dz, |lg|| = \/fo ? dz, and the Cauchy-Schwarz result,

(£, 9)] < | £ gll, becomes:
v <(Alwmﬂ2m)2(élm@n2@)2

Both sides are positive, so squaring both sides gives the required result:

[jglf(x)g(aﬁ dx}2<:[j£1[f<xﬂ2 is] sz[g<xn2 s

(d)  This result is simply the triangle inequality (see Theorem 5.4, part (c)):
If +gll < IIf1l + llgll

By the definition of norm in terms of the inner product and the axioms of the inner product:

1
e T

(u+v,u+v)— i{u—v, u-—v)
o) + 2 (v + (v, v)] = g [ ) = 2w, v) + (v, )
v

One version of Pythagoras’ Theorem (Theorem 5.5) states that |[ul|® + ||v® = ||u + v||* when
(u,v) =0. Replaceuby p—randvbyr —qsothatu-+visreplacedby p—qand (u,v) =0is
replaced by (p — r,r — q) = 0, thus giving the required result:

1
T4
1
T 1
= (u,

2 2 2
lp—r|”+|lr—ql|” = lp — q

Proof of the "if” part: If v = 0 then (v, v) = 0 by Axiom 5. Hence, ||v] = /(v,v) = 0.
Proof of the "only if” part: If |v|| = 0 then ||v||* = (v,v) = 0. Axiom 5 states that (v, v) = 0 only
when v = 0 and so the result follows.

(a) The set S of vectors in V' perpendicular to a particular vector v is a subset of a vector space
V. To prove S is a vector space it is only necessary to prove it is closed under addition and
scalar multiplication (see Theorem 2.3 of Unit 2, Section 3: Subspaces of a Vector Space).
Suppose k € R and v, w are any two vectors in S, so (v,u) = (w,u) = 0. Using the axioms
of the inner product:

(v+w,u)=(v,u) +(w,u)=04+0=0
(kv,u) =k(v,u)=kx0=0
Hence, S is closed under addition and scalar multiplication and so it is a vector space (a

subspace of V). Note: S must also be an inner product space since the inner product of V' is
also an inner product for S.

(b) If wsatisfies (v1, w) =0, (va, w) =0, ---,{vg, w) =0 and then by the axioms of inner
products, for any scalars ry,ry, -+ 7% :
(rivi+rovo+ - +1pVE, W) = (r1Vy, W)+ (rava, W)+ oo+ 1V, W)
=711(vi, W) +7r2(va, W)+ -+ + 7% (VE, W)
=0

Hence, w is perpendicular to the linear span of 7.
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() Asinpart (a), it is only necessary to prove that S is closed under addition and scalar
multiplication. The proof is very similar to the proof of part (a) and is not given here.

(d)  The vector w is perpendicular to all of the basis vectors, and w is also a linear combination
of the basis vectors. However w is orthogonal to all linear combinations of the basis vectors,
by part (b), and so w is perpendicular to itself:

0= (w, w)
By Axiom 5 for linear products, it follows that w = 0.

17.  The triangle inequality for any two vectors u, v € V, states that ||u + v|| < |lu]| + ||v]| . Writing
u = v; + v, and v = vy changes this to:

[(vi+va) + vs| < [[vi + vall + [|vs]

Applying the triangle inequality a second time to v1, v, shows that ||vy + va| < ||vi|| + ||v2|l and
so the above inequality becomes the required result:

Vi +va +vs| < [lvall + [lvall + [|va]]

5.6 Orthogonal bases, the Gram-Schmidt process and (QR— fac-
torization

We have previously seen that a basis of a vector space can be used to develop most processes and
properties of interest. Usually it does not matter which particular basis is used, but sometimes a special
basis is easier to use than other bases. In particular, if the vector space is an Inner Product Space then
it is often very advantageous to work with an orthogonal basis (each basis vector is perpendicular to
every other basis vector). Orthogonal bases are required in some applications, such as the method for
diagonalizing a matrix using eigenvalues and eigenvectors (see Unit 4 Eigenvalues, Eigenvectors, and
Diagonalization of Matrices, Diagonalizing a Matrix).

In this section an algorithm , the Gram-Schmidt Process, is described for converting any
non-orthogonal basis of an Inner Product Space into an orthogonal basis. If the vectors of the original
basis are the columns of a matrix A then the Gram-Schmidt process is shown to be equivalent to
finding a Q R— factorization, A = QR, where Q is an orthogonal matrix, and R is upper triangular. The
@ R— factorization is used in the Q R— algorithm, one of the most successful numerical methods for
finding the eigenvalues a matrix (see Unit 4 Eigenvalues, Eigenvectors and Diagonalization of Matrices,
Methods for finding Eigenvalues and Eigenvectors).

5.6.1 The Gram-Schmidt process

Definition.

A set of vectors {vy, va, vs,---, v, } of an Inner Product space is said to be orthogonal if the vectors
are mutually orthogonal, meaning:

(vi, v;) =0fori#j=1,2,3,--- ,n

The set {v1, va, vs, -+, v, } is said to be orthonormal if it is orthogonal and all vectors are unit
vectors. Thatis, fori,j =1,2,3,--- ,n:

<Vi7 Vi> =1and <Vi7 Vj> =0ifs #]

Note: A vector v is a unit vector if its length is 1, meaning ||v|| = 1. Since ||v|*> = (v, v), and so

|[v]| = +/{v, v), it follows that v is also a unit vector if (v, v) = 1.

Note: An orthogonal set of vectors can always be converted to an orthonormal set by simply converting
each vector to a unit vector by dividing it by its length (change each vector v to the vector

1 _ 1
WV o (v, v) V).

Unit 5 Linear Algebra 2 MATH 2300 25



The Gram-Schmidt Process, or algorithm, uses a known basis of an Inner Product space to construct
an orthogonal basis. The next two examples show how this process works in simple cases, and
Theorem 5.8 gives the general process. The process makes extensive use of the formula for the
orthogonal projection of one vector, u, onto another vector v derived in the previous section.

(u, v) (u, v)
2 V=

v {v, v)

The formula for the projection of u onto vector v in Euclidean spaces was developed in Unit 3, Linear

Transformations from R™ to R™ in the subsection: Projection Operators R?2 — R and is the same
formula with the scalar product being the inner product:

proj,u = v - orthogonal projection of u onto v

u-v

proj,u = u%‘;v =—V
vl Vv

Example 5.6.1.
Given the basis {u;, uy} = {(1, 1), (1, 0)} of R?, construct an orthogonal basis {v;, v2}.

Solution. Note that the inner product here is the normal scalar product, and the existing basis is not
orthogonal, since

u1-u2:(1, 1)~(1, 0)217&0

First we will compute an orthogonal basis.
Step 1. Choose arbitrarily v, as one of the basis vectors, say:

vi=u = (1, 1)

Step 2. Choose v, as the second original basis vector, uy, minus the projection of u; onto v :

Vo — (uz - v1)
[[vall
o 0)5(1, Doy
= (1,0~ 5 (1, 1)

Multiplying v by 2 to simplify it without changing the orthogonality gives the orthogonal basis
{v1, v2} ={(1, 1), (1, —1)}. Note: Normalizing the vectors gives the orthonormal basis:

o {( ) ()

Note: Check for yourself that these are orthogonal.

Note: The process used here is followed in more general cases. Start with one of the original basis
vectors, then modify the second one by subtracting its projection on the first vector. In the next
example, with three vectors, the third original basis vector is modified by subtracting its projection on
the first two vectors of the orthogonal basis.

Example 5.6.2.
Use this to construct an orthonormal basis {v, v, vs}.
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Solution. Note that the inner product here is the normal scalar product, and the existing basis is
clearly not orthogonal. It is easiest to construct an orthogonal basis first, then normalize (make into unit
vectors) the basis afterwards. Start as in the previous example:

Step 1. Choose arbitrarily v, as one of the basis vectors, say:

Vi =u; = (]., 1, 1)

Step 2. You might notice that u, is already orthogonal to v, and so we can choose
vy =uyz = (1, 0 —1). If you did not notice this then the solution process gives the same result as
follows. Choose v, as the second original basis vector, us, minus the projection of us onto vy :

u - Vv
Vo = U9 — 7( 2 21)
[[vall
1,0, —=1)-(1, 1, 1)

(1,1, 1)-(1, 1, 1)

:(1a 07 _1)_( (17 17 1)

=(1,0 —1)—2(1, 1, 1)

va=(1,0 —1)

Step 3. In order to find v3 apply the method of Step 2 to ug, but this time subtract off the projections of
u3 onto both v; and vs.
Vs =y — (us - v21) v (us v22) o
[[vall [[v2ll
(2, —3,4)-(1, 1, 1)
(1,1, 1)-(1, 1, 1)

3 -2
=2, -3,4)—--(1,1,1)— —(1,0, -1
(2 -3 9= 30 L D=5 (L0 -1

(2, =3,4)-(1,0, —1)
(1,0, —1)-(1,0, = 1)

=(2, —3,4)— (1,1, 1) — (1,0, —1)

V3 = (2, —4, 2)

Hence, the orthogonal basis is {vi, va, va} ={(1, 1, 1), (1, 0 —1), (2,—4, 2)}.

Note: Check for yourself that this set is orthogonal. Notice that vs = (1, — 2, 1) can be simplified, by
dividing by 2, to give v3 = (1, — 2, 1), and the set is still orthogonal.

Note: Normalizing the orthogonal basis gives an orthonormal basis:

vt ={(G5 5 ) (50 ) (5 )

The general method for producing an orthogonal basis is given next in Theorem 5.8. It is a simple
extension of the process in Examples 5.6.1 and 5.6.2 above, except that a dot product like us - vy is
replaced by the inner product (us, v1).

Theorem 5.8. The Gram-Schmidt Process If {u,, us, us,---, u,,} is a set of linearly independent
vectors spanning a subspace S of an inner-product space V then an orthogonal set of vectors,

{v1, va, v3,--+, vin}, Spanning the same subspace S is produced by the following process
(algorithm):

Step 1. Set vy = u;

(ug, vi1)

2
[[va

Step 2. Set Vo = Up —
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Step 3 SetV3 = us — <u3’ V1> vy — <u37 V2>

2
[[va lva®
Step 4 SetV4 = uyg — <U4’ Vé> 1 — <U47 V§> 2 — <U47 V;> V3
vl [[va [[vs]
and continuing this pattern until step m is reached:
Sl‘ep m. Setvm =u,, — <Um7 V21> Vi — <u7n7 V22> Vo — <um’ V§,> V3— s — Mvmfl
[[vall [[v2ll [[vsll [Vl
Note: In the equations above we can replace ||v;|* by (v;, v;) foreachj =1,2, --- ,m, and an
orthonormal basis is obtained by changing each v into the unit vector mVj = ﬁvj.
Vi> Vi
Note: If {u;, uz, us, -, w,} is a basis of V then {vy, va, vs,---, v,,,} will be an orthogonal basis of

V.

Proof. Consult your textbook or other source for a proof of this result. The proof is conceptually simple
but rather "messy” and confusing.

O
The Gram-Schmidt Process can be written in a slightly different and, in some ways, simpler form in
order to directly produce an orthonormal basis, as in the next theorem.
Theorem 5.9. If {uy, us, us,---, u,} is a set of linearly independent vectors spanning a subspace S

of an inner-product space V then an orthonormal set of vectors, {w1, wa, w3, -+, W,,}, Spanning
the same subspace S is produced by the following process (algorithm):

Step 1. Set vy = u; and define wy = mw. That is, normalize the vector v, so it has length one by

dividing by ||v1]| = /{v1, v1).

Step 2. Setvy = uy — (uy, wi)wy and define wy = HT]:ZHVQ.

Step 3. Setvs = u;z — (u3, wi) wy — (u3, wa) wo and define ws = ”TZHV&

Step 4. Setvy = uy — (ug, wi) wy — (0, W) wo — (uy, w3) wz and define w, = mw,
and continuing this pattern until step n is reached.

Stepm. Set v, = Wy — (W, W1) W1 — (U, W2) Wo — (W, W3) W3— -+ — (Uw, Wino1) W1, and

Proof. In step 2 of Theorem 5.8 show that the formula there is the same as the one used here by
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verifying that:

_ (ug, v1)
Vo =Up — ———5—V]
(vl

(v )
= — ( Uy, —
SN Vall/ Tivall

=uy — (U2, Wi) Wy

Show that the other formulae are also the same by following the same method.

Example 5.6.3.

The set of polynomials {g1 (z), g2 (z), g3 (z), g4 ()} = {1, 1 + =z, 1 — 222, z + 2%} is a basis of P,
the vector space of all polynomials of degree 3 or less. P; is an inner product space with the inner
product computed as the scalar product of the coefficients of the polynomials (see previous section of
this unit for details).

<CLO +a1x + QQIQ + CL3I3, bo + blx + b2I2 + b3I3> = aobo + a1b1 + a2b2 + a3b3
Use the Gram-Schmidt process to find an orthogonal basis {f1, f2, f3, fa} for Ps.
Solution. Step 1: Define f1 (z) = g1 (z) =1

. Defi _ (g2, f1) qag At D L
Step 2: Define f3 (z) = g2 (z) — o 2 fi(m) =1+ ) x1=1+ 1
Step 3: Define:

. (g3, f1) (g3, [f2)
fs (@) = g3 (=) = (f1r, fr) T fy M- (f2, f2) s oy 0
a2 (1-22%1) (1-2? x>m
=1-2 (1, 1) (x, x)
R T L
1
f3 (2) = —222
Step 4: Define:
_ (94, f1) (94, f2) . (94, [f3) .
fa (@) = g4 (x) — i 1) () - o, f2>f 2 (z) — o f) f3>f 3 (@)
N N <1’+13, 1>_ <1+x,:17>x_ < x + 23, 72x2> o2
=T ) 7, ) o oy (72)
1
:x+azgf%szfZO(72x2)

fa(z) =2®
Hence, the orthogonal basis is: {1, z, — 222, 23} .

Note: We can divide the third polynomial by —2 without changing the orthogonality, thus giving the
standard basis of P; :
{1, T, 332, J:?’}

In fact we could have done this at step 3 when we found f3 (x) = —222, thus simplifying step 4 slightly.
Satisfy yourself that this basis is orthogonal.
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Example 5.6.4.

Requires calculus. The set of functions f (x) that are continuous on an interval [a, b] , written C [a, D]
is a an infinite dimensional vector space and is an inner product space with the inner product defined
as the integral of the product of the two functions between ¢ and b :

b
g>:/ f (@)g() do

This is also an inner product for the subspaces of C [a, b] of polynomials P,,, n =1,2,3,--- . Given
a = —1,b =1 and the four functions: g; (z) = 1, g2 (z) = z, g3 () = 22, g4 (x) = 23 then find four
orthogonal functions, f1, f2, fs, fs, that span the same subspace.

Solution. The following is the solution:

Step 1: Define f1 () = g1 () =1

Step 2: Define:

{92, f1)

f2(x)_92(x) <f1 f1> f1< )
1
:x—fﬁwjx x 1
— 0 B
_1‘—5
fo(z) =2
Step 3: Define:
— galx (g3 f1) - (93, fa) .
fg(l') g3<) <f17f1>f() <f2,f2>f()
:m2_f_11x2dm 1 f_11x2><xdm
f_ll dx f_llx2 dx
> (3) 0
=17 =2 gx
o) =a?— 3
Step 4: Define:
— an(z (94, f1) (94, [f2) (9a, f3)
fa(z) = ga(2) i fo) fi(z) - o f2) = fa (x) — o fo) T3 (2)
filxg dx fi1x3><xdx f,liﬁ (22— 1) da 1
—.I'B—i 1-— €T — x2_7
[t dx ) [t 22 da 2= (@2 - 1) da ( 3)
_ 5 0 (3) _0<2_1>
Tt m s
fa(x) =23 — gx
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Note: The orthogonal polynomials f1 (z) =1, f2 (z) ==, f3(x) =a® — 3, fa(z) =2* — 2z are
multiples of the first four Legendre Polynomials, which are:

po @) =1, pi(a) =, p2 (@) = 5 (s 1), ps () = 3 (52° — 3n)

These multiples are chosen so that p;, (1) = 1, so they are an orthogonal set but are not normalized
with respect to the inner product and so do not form an orthonormal set. Legendre Polynomials are
important in some Engineering applications and more details can be found on the web at
http://en.wikipedia.org/wiki/Legendre_polynomials

5.6.2 Uses of orthogonal and orthonormal bases

When vectors are expressed as linear combinations of orthogonal basis vectors, many operations are
much easier to carry out, as is shown in the following theorems. If the basis is orthonormal, then it
becomes even easier, and vectors with respect to this orthonormal basis interact very like vectors in
Euclidean spaces, R™. The first theorem notes the fairly obvious fact that orthogonal sets of vectors
must be linearly independent.

Theorem 5.10. /S = {vy, va, v3,---, v, } iS an orthogonal set of (non-zero) vectors in an inner
product space then the vectors are linearly independent.

Note: Hence, if S is produced by the Gram-Schmidt process applied to a basis of an inner product
space V, then S must also be a basis of V. Hence, every inner product space has an orthogonal basis.

Proof. If the vectors are linearly dependent then a non-zero linear combination of the vectors gives the
zero vector:
kivi + kava + k3vz + -+ +kpvp, =0

Take the inner product with v, using the axioms:

((kivi + kovo + kgva + -+ +kpvy), vi) =(0, vy)
ki (vi, vi) + ko (va, vi) +k3(vs, vi)+ - +kp(Vvn, v1) =0
kl <V17 V1> = O

This shows that k; = 0, since (vq, v1) = ||v||* # 0. Repeating the above process, taking inner products
with vo, v3,---, v,,, shows that all of the coefficients are zero:

ki=ky=ks=- =k, =0

Hence, there is no linear combination of the vectors giving the zero vector except the trivial one with all
coefficients equal to zero, and so the vectors are linearly independent.

O

Theorem 5.11. /f B = {by, by, bs,---, b,} is an orthonormal basis of an inner product space and
vectors u, v have coordinates with respect to this basis:

(u)B = (Ul, U2, UZ, -, un) and (V)B = (Ula V2, U3, ", Un)
(that is: u = u1by + usbs + usbs + ---+ u,b,, and similarly for v), then:

(@ (u, v) = ujv1 + ugva + ugvs + - - + Uy vy

) ul| =u?+ud+ui+o+ud

(C) d(u, V) = \/(’LL1 - ’01)2 + (U2 — 1)2)2 + (U3 — ’U3)2 + -+ (Un — UH)Q
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Note: These quantities do not depend on the values of the basis vectors, but only on the coordinates
relative to the basis, and are exactly the same formulae as for Euclidean vectors in R™ with respect to
the standard basis of R™.

Proof. The following is the proof:

(@) When n = 2: Using the linearity of the inner product:

<ll, V> = <’LL1b1 + u2b2 y ’Ulbl + ’U2b2>
= U1V <b17 b1> =+ Uy V2 <b17 b2> =+ U2v1 <b2, b1> + UgV9 <b2, b2>

Using the orthonormality (b1, by) = (bs, by) =1, and (b, by) = (bs, b;) = 0, this simplifies to:
(u, v) =ujv1 + w20y

Note: Try yourself the same proof for n = 3, and attempt to generalize your proof for all values of n.
Note: Try yourself to prove (b) and (c) for the cases n = 2, 3 and for all n.

[
Theorem 5.12. If B = {v1, va, vs, -+, v,,} IS an orthogonal basis of an inner product space and a
vector u has coordinates (u)g = (u1, ug, us,--- , uy,) with respect to this basis then:

u, v u, v u, v, u, v u, v u, v,
oV vy v vy ) v
[[vall [[vall [[vall [[vall [[vall [[Vall

If the basis is also orthonormal then:
up = (u, vi), ug = {u, va), - ,u, = (u, v,,) S0thatu= (u, vi) vi+ (u, va) vo+ -+ +(u, v,,) v,

Note: Recall that YL v, is the formula for the perpendicular projection of the vector u onto the

vl

vector vy. Hence, the coordinates with respect to an orthogonal basis are given by the perpendicular
projections onto the basis vectors. Recall also that for any vector v, ||v||* = (v, v).

Proof. Proof for n = 2 : Suppose that u = u;v; + uavs then taking the inner product with v, and using
the linearity axioms:

(u, v1) = (u1v1 + uava, v1)
= uy (v1, V1) + ug (va, V1)
(u, vi) = ug (vi, v1)

Hence, solving for u; :

o {u,vi)  (u, vy
uy = = 3
(vi, vi) vy

Taking the inner product of u with v, gives in the same way the formula for u; :

(u, va) _ {u, vo)
Vo, v2) vl

Ug =

Note: Try yourself the proof for n = 3, and think about the generalization to the proof for all n.

Unit 5 Linear Algebra 2 MATH 2300 32



Generalizing the previous theorem to projections onto a subspace of an inner product space gives the
following result.

Theorem 5.13. Suppose that W is a r— dimensional subspace with orthogonal basis

B ={vy, vo, -+ ,v,} of aninner product space V andu € V, then:
(a)  The perpendicular projection of u onto W is given by:
pijW u :<u7 V;> Vi <u7 V2> Vo 4 - <u7 Ug> :
[vall [[v2]| vz
orif{vy, vo, --- ,v,.} is orthonormal then:
projyy u=(u, vi) vi+ (u, vo) va+ --- +(u, v,) v,

(b)  The basis B can be extended to an orthogonal basis of V :

{Vla V2, Vi, Vg, cc >vn}
and the additional basis vectors v, 1, --- ,v, are a basis of W+ (the subspace of all vectors in
W that are perpendicular to every vector in W).
(c) Every vectoru € V can be expressed in exactly one way:

u=1u; +uy whereu; € W andu, € W+

Note: Part (a) states that the projection of u onto I is simply the sum of the projections onto each
individual vector of B (the orthogonal basis of ).

Note: The formula in part (a) for the projection of u onto the space S spanned by the orthogonal set
{v1, vo, -+ ,v,} is exactly the same as the formula from Theorem 5.12. for expressing u as a linear
combination of the {vy, vo, --- ,v,}. Thatis, the formula gives that linear combination if it exists (if u
is in the span of S) and otherwise gives the projection of the vector u onto S.

Proof. The following is the proof:

(@) Ifw=projy u=~kvy+ kova+ --- + k.v, then use the fact that w — u is orthogonal to every
vector in W, first taking the inner product with vy:

0=(w—u, v)
0= <k31V1 =+ kQVQ + 0+ kTVT, V1> — <11, V1>
Using the linearity of the inner product and orthonormality of B:
0=k (v, vi) — (u, v;) =

Ly = <ll, V1> _ <ll, V1>

Vi, vi) v f?

The formulae for other k; values can be established using the same method, computing
0:<W—u, vj>f0rj:2, 3, -,

(b)  (outline only) The basis B = {vy, v2, --- ,v,} can be extended to a basis of V by first simply
adding any vector w,.,; not in W, then repeating this by adding another vector not in the span of
{v1, vo, -+ ,v,, w,11} and so on until a basis of V' is created. Apply the Gram-Schmidt process
to this basis, starting with v1, vo, --- , v, (i.e., leave them unchanged) to produce an orthogonal
basis {vi, va, -+ ,v,, v31, -+ , v, } Of V. By orthogonality all of the basis vectors
vry1, -+ ,Vy are orthogonal to every vector vy, vo, --- ,v,. Linearity of the inner product shows
that every vector of the subspace W+ spanned by v,.1, --- ,v, is perpendicular to every vector
of the subspace W spanned by vy, vo, --- ,v,. Furthermore, any vector w orthogonal to W can
easily be shown to belong to W+.
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(c) This immediately follows from the proof of (b). That is, express u as a linear (unique) combination

of the basis vectors {v1, va, -+ , vy, Voy1, -+ ,v,}. The partinvolving vy, va, -+, v, will be
u; and the part involving v,41, --- , v, Will be us.
O
Example 5.6.5.

This example has four parts:

(@)  Write the vector u = (1,2, 3) of R? as a linear combination of the orthogonal basis vectors:
v =(1,0,0), vo = (0, 1, 1), v3=(0, 1, — 1)

Note: Check for yourself that this is an orthogonal set of vectors.

(b) Use Theorem 5.11 to compute ||u|| and compare it with the value by the standard calculation.

(c)  Find the projection of u onto the subspace S of R3 spanned by v, and vs.

(d)  Write u =u; + u; where u; € S and u, € S+.

Solution. The following is the solution:

(a) We could solve for x, y, z the system of equations formed by equating the components:
(1,2, 3) =2(1,0,0) +y (0, 1, 1) + 2(0, 1, —1)

However, Theorem 5.12 gives us an easier way to do this when the basis is orthogonal, namely:

_ <u7 V;> vy <11, VZ> Vo <u7 Vg> v,
vl [[va] [val
(1a233) i (1?070) (1a2a3) i (07 17 1) (1a253) ) (07 17 _1)
= —F——°(1,0,0 — = (0,1,1 0,1,—1
(17030)(17070)(7 ’ )+(07131)(07171)(7 ’ )+(0713_1)(0717_1)(, , )
5 1
= (1,0,0)+ 2 (0,1,1) = 5 (0,1,~1)

(o)  Converting the basis vectors to unit vectors, the expression for u becomes:

By Theorem 5.12 the norm is:

2 2
S RGEGE

In comparison the direct calculation of the norm is:

11,2, 3)| = V12 + 22 4+ 3% = V14

(c) The projection of u onto S is, according to Theorem 5.13:

) 1
-(0,1,1) — - (0,1, -1
2 (O’ ? ) 2 (07 9 )

(that part of the linear combination for u from part (a) that involves the basis vectors of S).
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(d) From Theorem 5.13, u; = 5 (0,1,1) — 5 (0,1, 1) (from part (c) above) and u; = (1,0,0) - the
remaining part of the linear combination of orthogonal basis vectors given in part (a).

Example 5.6.6.

M>s is an inner product space with inner product (U, V) = trace(UTV). Recall that the trace is the
sum of the diagonal entries (it is the same as multiplying the entries in the same position in U and V'
and adding those four products).

(a) Show that the four matrices A1, A, A3, A4 are mutually orthogonal.
(b) Show that {4, Ay, A3, Ay} is a basis of Ms,.

(¢) Express the matrix B as a linear combination of A, Ay, Az, Ay.
11 2 -1 0 1 0 0
S R B B R S R Y
1 2
sl ]
Solution. The following is the solution:

(@) We must show that the trace is zero for each of the six products (there are 12 products but the
others are transposes of these and so have the same trace):

AT Ay, AT Ay, AT Ay, AT A5, AT Ay, AT A,

The first one is:
AT

1 A2
1 1 2 1 1 -1 .

An alternate, perhaps simpler, way of computing this is to multiply the corresponding entries in
each matrix and form the sum:

I1x2+1x(-1)+1x(-1)+0x0=0

Verify that the other five inner products are also zero. Hence, {A;, A,, A3, A4} is an orthogonal
set.

(b) The set {A1, A2, A3, A4} is linearly independent by Theorem 5.10. Hence, it must be a basis of
Ms4 since the dimension of My, is four.

(c) By Theorem 5.12, omitting details of the computations of the inner products:

<Ba A4>
(As, Aq)

B = <Bv A1>

(B, Az) (B, 43)
= (A, A1) Ay +

A
(Ag, Ag) (As, As) ‘

A1+ A3 +

6 (—3) (-1) 12
B—§A1+TA2+ TAS +§A4
Note: Check for yourself that the result is correct by computing the matrices on the right hand
side as follows:
? 1 1
B=2 [ 10
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Example 5.6.7.

Requires calculus. Compute the projection of the polynomial g (z) = = + 2 onto the subspace S of
Py, spanned by the first three Legendre polynomials:

1

fi(z) =1, fa(z) =2, f3(x)=x2—§

with the inner product defined by:
1
)= [ F @) da

Solution. It was shown in Example 5.6.4 that the set {f1, f2, fs5} is orthogonal and spans the same
subspace as {1, z, 22} . Consequently, it is tempting to suppose that the projection of g (x) on S is the
polynomial z (that is, drop the =3 term). However, we will confirm this, or otherwise, using Theorem
5.13.

According to Theorem 5.13, the projection is given by:

R _ <g7 f1> x <ga f2> T <ga f3> Qj

pro]Sg_<f17 f1> fl( )+ <f2; f2> f2( )+ <f37 f3>f3( )

L@ n@de o JLg@) p@d g S
I (@) de Jh (f2 (@) da S (fs (@) da

B 1711 (z+2°) da fil (z+ 2®) zda JE1 (x+2%) (22— 1) da , 1
B f_llldx S f_ll x? dx e _11 (w2—%)2 dx (x 3)
0 G 0 s
NG +<f5>( 3>

Note: The intuitive argument above, that projs g = «, is clearly wrong. This is because the projection of
the term #* of g () onto S is not zero, but is in fact the polynomial 2z (check this for yourself). Since
the other term in g (x) is x, and this is already in S, it follows that the projection of g onto S is

3z + 2 = & 2z as was found above.

5.6.3 The QR— factorization of a matrix

The Gram-Schmidt Process takes a linearly independent set of vectors {u;, us, us,---, u,,} and
converts it into an orthogonal set {v, v, v3, -+, v, } that spans the same vector space, that can be
changed to an orthonormal basis {wi, wa, ws,---, w,,} by normalizing the vectors: w; = mvj.

This process can be expressed as a matrix factorization, A = QR, called the Q R— factorization or
QR— decomposition, of the matrix A. In this factorization the columns of A are the vectors u;, and the
columns of @ are the normalized vectors w,. The matrix R is upper triangular (entries below the main
diagonal are zero), and each non-zero row ¢, column j entry is equal to the inner product of the form
(w;, uy) . In fact the whole Gram-Schmidt orthogonalization process can be carried out very efficiently
by working with matrices, rather than vectors.

The Q R— factorization is usually applied to Euclidean spaces R™, and the components of the vectors
u; are written as columns of the matrix A. Similarly the w; components are columns of Q. In this case,
if the number of vectors m = n, the dimension of the vector space, then the matrix Q willbe ann x n
orthogonal matrix. However, the matrix form applies to any inner product space.

Examples 5.6.8 and 5.6.9 show the Q) R— factorization in a simple two-vector case previously examined
in example 5.6.1. The complete result is given in Theorem 5.14.
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Example 5.6.8.
Construct the @ R— factorization for orthogonalizing any set of two linearly independent vectors

{111, UQ} .
Solution. The set {u;, uy} is used to create an orthonormal basis {w;, w2} . Refer to Theorem 5.9 to

see the equations used in the Gram-Schmidt Process which are rewritten here with u;, usy on the left,
as follows:

1
V] = up and Wi = ”V1Hv1 u; = vy
1 =
vy =uy — (ug, wi)wy and wy = Tval V2 Uy = vy + (ug, wWi)wy

— U1:HV1||W1+O><W2 }

uy = (ug, wi) wy + [[va| we

Writing the equations as matrix products, with vectors being columns, gives the Q R— factorization:

i) = wr wa) | A i [ Ml (e, wa)
! ! 0 Vi U2, W1

B <ll2, W1> - [ul | UQ] = [Wl | Wg] 0 ||V2H
[“2]‘[““}{ vl ]

To give the matrix R a more consistent look, note that ||v|| = (wy, u;1), and ||va|| = (w2, us) because:
(ur, wi) = (([vallwi), wi) = [[vall (w1, wi) = [[va]|
(ug, wa) = ((uz, wi) wi + [[va[ wa, wa)

= (uz, wi) (w1, wa) + [[va|| (w2, wa)

= ||va| since (wi, w2) =0and (wa, wy) =1

Hence, using the symmetry of the inner product, (u;, w;) = (w;, u;), the A = QR formula becomes:

<W1, 111> <W1, 112>

[ur [ uz] = [w1| wz] 0 (o, 12

Note: That is, the columns u; of A are the original vectors, the columns w; of Q) are the normalized
vectors produced by the Gram-Schmidt process, and the row i column j entry of R is (w;, u;) (same
as (u;, w;)).

Example 5.6.9.
Find the actual Q R— decomposition for Example 5.6.1, that starts with the two vectors in R?:

{uh u2} = {(17 1)7 (17 0)}

Solution. In Example 5.6.1 the Gram-Schmidt process was used to derive the following orthogonal set:

1 1
{Vla VQ}Z{(lv 1)7 <27 _2>}
Hence, the orthonormal set is:

o ={(G5 7) (3}
Wi, Wajp = —, —(= —, =

15 2 \/5, \@ , \/5’ \@
The scalar product replaces the inner product in the formulae of the previous Example 5.6.8. Noting
that u; - w1 = V2, ug- wy = % and uy - w; = % Putting these values into the formula derived in
Example 5.6.8 (with the vectors becoming columns of the matrices):

R
A

Q u; - Wi Wi1-U2
[ul|u2}:[W1|W2][ 0 w2.u2]
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A Q R

1 1 1
Lo v owell Y %
Note: Check for yourself that this decomposition is correct.
Theorem 5.14. Letf {u;, us, us,- -, u,,} be a set of m linearly independent vectors in an inner
product space V' of dimension n. If {w1, wa, ws, -+, w,,} is the orthonormal set produced by the

Gram-Schmidt process (spanning the same subspace as the u;), produced as in Theorem 5.9, then
these satisfy the matrix equation:

A=QR
where A has the vectors u; as columns, @ is an orthogonal matrix with the vectors w; as columns, and
R is the non-singular upper triangular matrix given by:

R

(w1, up) (wy, uz) (wi, uz) - (Wi, Up)

0 (W, ug) (wa, ug) -+ (Wa, Up)

N 0 0 (ws, uz) oo (ws, wp)
A:[u1|u2"'|um]:[W1|W2"'|Wm] 3, U3 3, Um
0 0 0 R .

Proof. Multiplying out the matrix product in A = QR gives the same formulae as the Gram-Schmidt
orthonormalization formulae of Theorem 5.9

However the details are complicated, but you may be able to prove it yourself using the results that
v; =||v;||w; and |v;|| = (u;, w;) foreach j =1,2,--- ,m.

Example 5.6.10.
Given the basis {u;, us, uz} = {(1, 1, 1), (1, 0, —1), (2, —3, 4)} of R, write out the associated
@ R— factorization, using the Gram-Schmidt orthogonalization previously found in Example 5.6.2.

Solution. Example 5.6.2 used the Gram-Schmidt orthogonalization algorithm to find the orthogonal set
of vectors:

{Vla Vo, Vg} = {(17 17 1)7 (1a 0 — 1)1 (27_45 2)}
Normalizing these gives the orthonormal set:

v ={(75 75 ) (750~ ) (6% )

Using the scalar product as the inner product, the Q R— factorization is therefore:

R
A Q Wi-up Wp-u2 Wjp-ug
[ug|ug - |up] =[wi| wa - | Wi ] 0 Wy Uy W - Uj
0 O W3 - us

The inner products of R are easily calculated
as: (wi-u) =3, wi-up =0, wi -uz = V3, wa-us =2, wy-uz = —v2, w3 uz =2v6, so the
QR— factorization is:

A 1 2 1 R
11 2 B BT V3 0 V3
1 0 3|=|5 0 -Z% 0 V2 —V2

_ 1 1 1
L -1 4 5 5 7 0 0 26
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Note: Check for yourself that the matrix equation is correct, and that Q is orthogonal (QQ™ = I).
Example 5.6.11.
Find an orthonormal set of vectors spanning the same subspace of R* as the vectors;
u; = (1,0,0,2), uz = (0, 1, 1,0), us = (1, 1,0,—-1)
carrying out the calculations within the matrices A = QR.

Solution. The following is the solution:

Step 1: By Theorem 5.9, the matrices have the following form, with the first column of @ being the
normalized u;. The first row of R is then computed:

A - Q }
10 1 N n
01 1 0 * Wit Wi-ty Wi-U3
01 0 | | 0 x =« 0 wa-uy wy-ug
2 0 -1 _% * k| 0 0 W3 - Us
—_ 1 -
ﬁ * * 1
0 * = V5 0 V5
= 0 % % 0 W2 U2 Wo - U3
% * % 0 0 W3 - U3
L 5 _

Step 2: The second column of @ is equal to the vector
Vo =t — (ug, wi)wy = (0, 1, 1,0) — 0 x (%,o,o, %) — (0, 1, 1,0), which is then normalized to
Wy = (0, %, %70) The second row of R is then computed:

10 1 7 0 =] .
01 1 0 5 = VB 0
001 0 | |0 L ||V weuw wu
2 0 —1 2 \65 « L 0 0 W3 - us
L V5 i
rL 0 %7 .
Vs VG -
0 5 F NG
= 0 1 0 \/§ 1
ﬁ * 2
2 0 % 0 0 W3 - Uug
L V5 1 -

Step 3: The third column of @ is equal to the vector:

vy =u3 — (u3, wi) w; — (ug, wWa) wo

which is then normalized to w3 = V1o 6 1 _1_3) The bottom right entry of R is then w3 - u3 =
V23 \5°2» 72075

b

O
o
2

R
Vi 0 —
0 V2
0 0

ot

3

w
ot

5
S

N

O = =
Il
|

OHHO:B
[\
Se

NN OO
Sk o o5k
o kgl o

w
ﬁ
[}

ot
§‘
w
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Note: Verify for yourself that the matrix equation is correct.

Note: Some authors make @ into an orthogonal matrix by adding appropriate extra columns (one is
needed in this case), and by adding rows of zeros to the bottom of R to make the matrix multiplication
compatible. The extra column of @ is found by choosing an arbitrary fourth vector uy (it is very unlikely
to be in the span of {u;, us,u3}) and then continuing the Gram-Schmidt algorithm for one more step,
but leaving out the extra column in the final matrix equation. This form of the factorization in this

example is:
Q

A 1 610 2 _1

10 1 75 (1) WE VI VG0 v

01 1 |_| 0 &5 % &0 V2 oz

V2 2v/23 V23 10

2.0 —1 2 _3v/io _ 1 0 0 0

V5 5v/23 V23

For completeness we give a Q R— factorization for P, but in fact this matrix factorization is rarely used
outside of Euclidean spaces.

Example 5.6.12.
Referring to Example 5.6.3, starting with the polynomials
{91 (), g2 (%), g3 (), g2 (x)} = {1, 1+, 1 —22%, x4 23} and inner product defined by:

<ao + a1z + asx? + azx®, by + bix + boz? + b3x3> = agbg + a1b1 + asbs + azbs
write the Gram-Schmidt orthogonalization as a Q R— factorization.

Solution. The orthogonal set found in Example 5.6.3 is:
{fi(2), f2(2), f3(2), fa(2)} = {1, =, —22°, 2}
Normalizing these gives the orthonormal basis of P; :
{h1(z), ha (), h3(z), ha(x)} = {1, z, 2*, 2%}

The QR— factorization is therefore:

[91(2) g2(x) g3(2) gu(x)]=

(h1, 91) 2217 92; EZI, gsi 221, 94i
0 2, 92 2, ¢ 2, g4
[ 1 (@) ha(@) ha(@) hae) ] 0 0 (h3, gz> (h3, g4)
0 0 0 (ha, ga)
and (h1, g1) =1, (h1, g2) =1, (h1, g3) =1 (h1, g3) =0, (ha, g2) =1, (ha, g3) =0, (ha, g3) =1,

(hs, g3) = =2, (h3, g4) =0, (ha, g4) =1, S0

R
1 1 1 0
A Q
01 0 1
[1 14z 1-—222 m+x3]:[1xx2 x3] 00 -2 0
00 0 1

Note: Check for yourself that the matrix equality is correct.

Section 5.6 exercise set
Check your understanding by answering the following questions.
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1.  Let S be the subspace of R? spanned by the following set of two vectors:

{(1, 2, =1), (3,0, 3)}

(a) Check that the set of vectors is orthogonal.
(b) Convert it to an orthonormal set.

Extend it to an orthonormal basis of R? (Hint: add to the two orthogonal vectors any other
vector not in S - a random choice usually works - and apply one step of the Gram-Schmidt
process).

(d)  Find the projection of the vector (1,2,3) onto S (use Theorem 5.13).

o
o

2. For the following set of vectors in R? :

{(1, 2, 0), (1, 1, 1), (3, —2, 1)}
(@) Use the Gram-Schmidt process of Theorem 5.8 to find an orthogonal basis of R3.
(b)  Find an orthonormal basis of R3.
(c) Can you be certain that the original three vectors are linearly independent?

3. Apply the Gram-Schmidt orthogonalization process (Theorem 5.8) to the following set of vectors
in R*. What do you conclude about this set?

{(17 27 07 _3)7 (17 17 1a ]-)a (17 07 27 5)}

4.  For the following set of vectors in i3 :

{(L 07 *1)7 (L 17 O)v (17 1) 1)}

(@) Use the Gram-Schmidt process of Theorem 5.8 to find an orthonormal basis of R3.

(b)  Use the Gram-Schmidt process of Theorem 5.9 to find an orthonormal basis of R3. Discuss
which of the two methods in (a) and (b) is easiest.

() Use Theorem 5.12 to find linear combination of the basis vectors, giving the two vectors
u; = (1,3,-2),us = (4,0,1).

(d)  Show that Theorem 5.11 gives the correct values for u; - u,, for the norms of u;. and u,, and
for the distance between u; and u,.

5.  The following set of polynomials is a basis of Ps:
{1—352, x+2x2, —2+x+3x2}
(a) Find an orthogonal basis using the Gram-Schmidt orthogonalization process (Theorem 5.8)

with the inner product of Example 5.6.3 (scalar product of the vectors of coefficients).

(b)  Find an orthogonal basis using the Gram-Schmidt orthogonalization process (Theorem 5.8)
with the inner product:

<(lo +a1x + a2x2, by + b1x + b2x2> = agby + 2a1b; + 3asbs

(c) Requires calculus and more difficult. Find an orthogonal basis using the Gram-Schmidt
orthogonalization process (Theorem 5.8) with the inner product of Example 5.6.7 (the
integral of the product from z = —1 to =z = 1).

(d)  Find orthonormal basis with the inner product of part (a).
(e) Find orthonormal basis with the inner product of part (b).
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6. For the basis vectors found in the previous question

(@) Express the polynomial 2 + 3z — 422 as a linear combination of the orthogonal polynomials
found in part (a) of the previous question (see Theorems 5.11and 5.12).

(b)  Express the polynomial 2 + 3z — 422 as a linear combination of the orthogonal polynomials
found in part (b)of the previous question.

(c) Express the Gram-Schmidt process covered in part (a) and (d) of the previous question as a
QR— factorization.

7. Apply the Gram-Schmidt orthogonalization process (Theorem 5.8) with the inner product of
Example 5.6.3 (scalar product of the vectors of coefficients).to the set of polynomials in P;

{l—xz, x + 222, —2+:c+4x2}
What do you conclude?

8. Let S be the subspace of M,, spanned by the three matrices:

s{lL 02 e ]}

(a) Find an orthogonal basis of S using the Gram-Schmidt orthogonalization process (Theorem
5.8) with the inner product of Example 5.6.6 (scalar product of the 4—vectors formed by the
entries of the matrices).

(b)  Find an orthonormal basis of S.

(c) Attempt to express the following matrix as a linear combination of the orthonormal basis
matrices of S (see Theorems 5.11 and 5.12):

0]

(d)  Attempt to express the following matrix as a linear combination of the orthonormal basis
matrices of S :
3 0
R

9. Requires calculus and is more difficult. Starting with the following five basis polynomials of P,
and the inner product (f, g) = f_ll f(x)g(x) dz:

{1, z, ©2, a3, ;1:4}

(a) Use the Gram-Schmidt orthogonalization process (Theorem 5.8) to find the fifth function of
the orthogonal basis (the first four are given in Example 5.6.4).
Note: These orthogonal basis polynomials are multiples of the first four Legendre
Polynomials that are very useful in some Engineering applications.

(b)  Convert the basis from part (a) into an orthonormal basis of P;.
10. Let W be the subspace of R* spanned by the two vectors:
{(1, 0,0, 1), (1, 2,0, 1)}

(a) Find a basis of W+.
(b) Ifu=(2,3,0,4) then find two (unique) vectors u; € W, uy € W+ such that u = u; + u,.

Find the Q R— factorization equivalent to the Gram-Schmidt process in part (a) (that is,
including all four basis vectors of W and W=).

o
o
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11.  Find, if possible, the Q R— factorization of the following matrices:

1 3 1 1 0 3 5 1 0 2
(a)A:{O 4],(b)B: 0 1 1|,©@@Cc=|4 0|, db=|0 1 3
1 -1 1 0 -2 2 -1 1

Solutions

1. Forthevectors (1, 2, — 1), (3,0, 3):
(a) They are orthogonal since (1, 2, —1)-(3,0,3)=1x34+2x0+(-1) x3=0.
(b)  Normalizing (dividing the vector by its norm/length) the vectors gives the orthonormal set:

2 1

"”:(Ja’ NG w)’“:(%’ v %)

(c) Choose, randomly, the vector u = (1, 0, 0) and apply the last step of the Gram-Schmidt
algorithm (Theorem 5.9) to the vector {w;, ws, u} to form an orthonormal set {w;, wy, w3}

using the intermediate vector v :

v=u—(wi-u)w; — (wy-u)ws

11 1 1 1
-1 (=, =, =) =(=,0, =
( ) 07 O) <67 37 6) (27 0’ 2)

1 1 1
V= o9 9r T o
3 3 3
Normalizing v gives the required result ws = (%, — %, - %) and the orthonormal

basis:

(d)  The projection of the vector u = (1,2, 3) onto the subspace S with orthonormal basis
{w1, wy} is given by (see Theorem 5.13):

projg u=(u, wi) wi + (u, wa) wo

oo G e s (o )

_1 6(12 _1>+2\/§(101)
3 6 v6 V6 V2 V2
1 2 1
(37 g» - 3) + (27 07 2)
i (12, 9)
33 3

2. For the vectors:
111:(17 2, 0), 112:(17 1, 0), 113:(37 —2, 1)
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3.

(@) From Theorem 5.8, steps 1, 2 and 3:

Vi =u; = (1, 2, O)

ug - Vi
Vo = U2 — 72V1
[[vall
3

= (1, 1, 0)—3(17 2, 0)

2 1 0
vo=|-, — =
2 5a 57

us - Vv us - Vo
V3 =u3 — 2 1= 2
[[va [[val
1 2 1
=3, -2,1)+-(1,2,00-8(=, —=,0
B -2 0+5020-8(3 -3 0)
V?,Z(O,O7 1)

Note: Check for yourself that the three vectors vy, vo, v3 are mutually orthogonal by showing
V1'VQZO,Vl'V?,:O,,Vg'Vg,:O.

(b)  Normalizing the three vectors from part (a) gives the orthonormal basis:

(CEDRCE D
(c)  The original vectors must be linearly independent because otherwise the Gram-Schmidt
process would not be able to produce three mutually orthogonal (and therefor linearly
independent by Theorem 5.10) vectors as linear combinations of the original vectors. For
example, if us is linearly dependent on u; and u, then v; is also linearly dependent on u;
and u». This is because vj is defined as a linear combination of us, v, v, and each of
these is itself a linear combination of, or is equal to, one of, u; and us. In that case v3 could
not be orthogonal to u; and u,, since orthogonal vectors are always linearly independent
(Theorem 5.10).
Note: If the Gram-Schmidt process is applied to three vectors u;, us, us ug for which us is
linearly dependent on u; and u; then a zero vector will be produced: vs = (0,0,0) . In fact
whenever the Gram-Schmidt process produces a zero vector, it shows that the original
vectors used up to that point are linearly dependent. An example of this is in the next
question.

For the set of vectors:
{U1 = (17 27 Ov _3)7 Uz = (la 17 17 1)7 uz = (17 07 25 5)}
From Theorem 5.8, steps 1, 2 and 3:

V1:u1=(1, 2, 0, —3)

usz - vy

Vo = U2 — Vi

[va|?
0
— (L L L )= £ (1,20, —3)
va=(1,1,1,1)
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That is vo = uy because u,; was already orthogonal to v;. Finally,

us - vy us - v

V3 = u3 — 2 V1™ 2V2
[[vall [[vall
14 8
=(1,0, 2,5 —(1,2,0,-3)——-(1,1,1, 1
(7 ) 4 )+ 14(a s Uy ) 4(7 s Ly )

=(1,0,2 5)+ (1,2, 0-3) —(2 2 2 2)
vs = (0, 0, 0, 0)

Hence, vs = 0, the zero vector, and this indicates that it is not possible to find a non-zero vector
orthogonal to v, and vo. This only happens when the original set of vectors is linearly dependent.
Note: Check for yourself that the linear dependence is: us = 2u; — u;.

For the vectors:
u1:(1, 0, —1)7 u2:(1, 1, O)7 u3:(1, 2, —1)

(a) From Theorem 5.8, steps 1, 2 and 3:

V1:u1=(1, 0, —1)

us - Vi us - Vo
V3 = ug — 5 V1 — T 5 V2
[[vall [[vall
2 2 1 1
=(1,2, -1)—=(1,0, —=1)— =< (=, 1, =
( )= 5 ( )~ (2 2)

2 2 2
Vi=\—%5 3 — 5
3" 3 3

Hence, simplifying by multiplying two of the vectors by an appropriate constant, an
orthogonal set is:

{Vla 2V27 - 3‘13} = {(17 07 - 1)) (13 27 1)7 (17 - ]-7 1)}
Hence, normalizing the vectors gives the orthonormal set:
o= {0 ) G o ) ()
1 2, 35 — \/5’ ) \/i ’ \/6’ \/6’ \/6 ) \/gv \/gv 3
1 1 1
) ) = 715()’_17717271771)_171
i wa, wah = { 5 (010,50 2 (1 201) 2 (-1 1)
(b) Repeat the process, using Theorem 5.9, steps 1, 2 and 3, starting with the vectors
u=(1,0, —1),upa=(1,1,0), us=(1,2, —1):

1 u (1 0 1)
Wi =37 =\ 7= Yy — =
) V2 V2
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vy =up — (uz - wi) wy
o (e g0
1 1 2 1
T vl (f G ¢6>
vz =u3 — (uz - wi)wy — (uz - wa) wy

A ) e ) ()

1 < 1 1 1 )

vl 7\ VB VB T VB
Note: There is a slight difference from part (a) in that w3 is the negative of the vector found
in part (a) but that just reflects the fact that a unit vector along a given line can have two
different directions.
Part (b) has simpler formulae and fewer computations (for example, in part (a) division by
||v1]| occurs at step (2), (3) and in the final normalization, but only occurs once in part (b).
However, when using hand calculations the part (b) method produces more complicated
calculations.

()  Withu; =(1,3,-2),uy = (4,0,1) and using {w, wo, w3} from part (a), by Theorem 5.12:
u; = (ul 'Wl) w1+ (ul 'W2) wo + (111 W3) W3

1

V2 ((1,3,-2) - (1,0, 1)) wy +
m= Bt +(—4> -
RV AV e v3)

Similarly, show for yourself that:

L (13.-2)- (1,2,1) wa+

V6 V3

u; = (u ) + (u ) wo + (ug - w3) w 3w—|—5w—|—5w
2 2 1 1 2 2 2 2 3 3 \@ 1 \/6 2 \/g 3
(d)  Using the coefficients of wy, ws, w3 found in part (c) for u; and us in the formulae of
Theorem 5.11 gives:

V2T V2 V6T Ve V3 3
() ()= () -
wai=() + (o) () =
() G+ () -
Computing u; - ug, [lusfl, [juzll, d(uy,uz) foruy = (1,3, -2), uz = (4,0,1) in the usual way

confirms that these values are correct. That is:
upru=1x4+3x0+(-2)x1=2

| = /22 4 8 + (-2 = VIdand us]| = V107 § 12 = V7
d(uy, up) = V(1*4)2+(3f0)2+(72f1)2 =27
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g1 () =1-a? gs(2) =2 +22%, g3 () = —2+z + 327

(a) From Theorem 5.8, steps 1, 2 and 3 (using fi1, f2, f3 as the orthogonal polynomials) with
inner product:

<CLO+CL1$+CL2$ bo + bix + box > = agbg + a1b1 + asbs

{92, f1)
<f17 f1>

:x—|—2x2—%(1—x2)

- fi(2)

fo(z) =1+ +2”
o () S930 S1) (g3, fo) o
fs (@) = g3 (z) — o 7 () - . f2>f 2 (@)
:72+x+3$27%(1—x2)f§(1+x+12)
fg(x):—%—i-%x—éxz

For a simpler answer we multiply f5 (z) by 6 (this does not change the orthogonality) so that:
fa(x)=—1422 — 22
Hence, the orthogonal set is:
{fi@), fo(2), f3(x)} = {1—a? 1+2+2% —1+2z—a?}

(b)  With gy () =1 — 22, go (x) = 2 + 222, g3 (x) = —2 + 2 + 322 and with inner product
<a0 + a1z + agx?, bo + b1z + bz > = agbg + 2a1b1 + 3azbs, Theorem 5.8, steps 1, 2 and 3
(using f1, f2, f3 as the orthogonal polynomials) are:

fi(@) =g (2) =1—2?

(o) = (@) = 2 g 0
I
fa () :g+x+%x2
For simpler calculations we multiply f» () by 2 (this does not change the orthogonality) so
et f2(z) =3+ 2z +2°
e =g (0) = BT g ) - e D, )

(—11) 7
:—2+:1:+3:102—T(1—$2)—%(34—2304—:1:2)

3 3 1,
fa@) ==+ 157~ 10*
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For a simpler answer we multiply f» (x) by 2 (this does not change the orthogonality) so that:
f3(z) = =3+ 3z — 2?
Hence, the orthogonal set is:
{fi(x), f2(2), f3(x)} ={1—-2" 3+22+2° —3+3z—2"}

Note: Check for yourself that these three polynomials are mutually orthogonal but only for
the inner prOdUCt <a0 +a1x + CLQ(IJ2, bo + b1x + b2x2> = agby + 2a1b1 + 3asbs.

() With g () =1— 22, go(x) =2+ 222, g3 (z) = —2 + = + 322 and with inner product
(p(z), q(x)) = filp (z) q(z) dx, Theorem 5.8, steps 1, 2 and 3, using f1, f2, f3 as the
orthogonal polynomials, and omitting details of the integrations, are:

fi(z) =gi(2) =1~

For simpler calculations we multiply f> (x) by 2 (this does not change the orthogonality) so
that:
fo (x) = =1+ 2z + 522

(g3, f1) (93, f2)

f3(2) = g3 () — mfl (z) — sz ()
T/ 2 .2
:—2+x+3x2—f_1( 241—32—&—390)2(1 m)dx(l—xz)
S, —22)” do
T 2) (_ 2 .
L) (e e
Jo, (=14 2z +522)" dx
_28 8
:—2+x+3m2—(lé)(l—ﬂ)—(i)(—1+2m+5x2)
(1) 8
fg(z)=T12+éz—%z2

For a simpler answer we multiply f5 (z) by 12 (this does not change the orthogonality) so
that:
f3(x) =1+ 4x — 527

Hence, the orthogonal set is:
{fi (@), f2(2), f3(x)} ={1—2% —1+2z+52% 1+4x—52%}

Note: Check for yourself that these three polynomials are mutually orthogonal but only for
the inner product used in this part.
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(d)  The orthonormal basis in part (a) is (recall that || f|| = /{f, ) ):

{0 @ g 2@, k@]
:{\}5(1—3&2),\}3(1—1—3&4—%2),\}6(—1+2x—x2)}

1 1 5 1 1 1 1 2 1
:{<¢§_\/§x)’ (\/§+\/§x+\/§x>’ (‘Wﬁw“‘)}

() The orthonormal basis in part (b) is:

1 1 1
{Mfl (w)vm fa (), mfs (35)}

1 1 1
={—(1-2%), — B+2x+2%), — —3+3x—x2}
(70 7 ) )
(-3 (v o) (o )
2 27 )7 \v20 v20  v20 /7 \ V30 VB0 V30
6. Toillustrate Theorem 5.12 fully, the part (a) answer uses the orthogonal polynomials from the

previous question - part (a) , whereas part (b) of this question uses the orthonormal polynomials
from the previous question - part (e).

(@) Letg(x) =2+ 3z —42% and take fi, f2, f3 to be the orthogonal polynomials set from part
(a) of the previous question:

{f1(z), fa(2), f3($)}={1—x2, 1+ +a°, —1+2x—x2}

From Theorem 5.12, with the inner product used in the previous question - part (a):

_de Sy A o) e e fa)
900 = Ty PO ey PO gy B
Q(I):g(lffvz)+%(1+I+12)+%(—1+2z7x2)

That is,
2 2 1 2 4 2
g(@) =243 -4 =3(1—2*) + 2 (1+z+27) + 5 (-1 + 22 -7
Note: Check for yourself that ¢ (z) does equal the given linear combination of f1, fa2, fs

(b) Letg(x) =2+ 3z —42? and take f1, f2, f3 to be the orthonormal polynomials set from part
(e) of the previous question:

{fi(z), f2(z), f3(x)}

{5) S o) (e o)
2 2 " V20 \v20 V200 V20 ) V30 V30 V30

Using the Theorem 5.12 formula for orthonormal sets and with the inner product used in the
previous question - part (b):

g(x) =g, f1) f1(x)+ (g, f2) f2(2x)+ (g, f3) f3(2)

@=1(3-5) + 7m (vm * vmt ) e )

Note: Check for yourself that ¢ () does equal the given linear combination of f1, fa, fs.
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() Recall that the starting polynomials in the previous question are
g1 () =1—22 go(x) =2+ 222, g3 (z) = —2 + 2 + 322, and the orthonormal set of
polynomials found in part (d) of the previous question is:

{fi(@), f2(2), fs(2)}
{(1 12) (1+1x+1m2><1+2$ 1x2)}
= V= T — =T ) = = = ’ - = Tt T T
V2 V2 V3 V3 VB V6 V6 V6
The QR— factorization formula uses the inner product from part (a) of the previous question,
and it is:

(fi,91) (f1, 92) (f1, 93)
[g1(x) g2(x) g3(x) | =] fi(x) fa(z) f3(x) ] 0 (f2, 92)  (f2, 93)
0 0 (f3, g3)

Hence, the factorization is:

[ 1—22 x4 222 —2+x—|—3x2]

ot

Vi Ve -

V2
1 1,2 1 1 1.2 1 2 1.,.2 2
o0 G

Note: It is a somewhat challenging exercise to show that the product of the two right-hand
side matrices does give the left-hand side matrix.

With the original polynomials g; (z) = 1 — 22, g2 (v) = o + 222, g3 (z) = —2 + = + 422, from
Theorem 5.8, steps 1, 2 and 3 (using f1, f2, f3 as the orthogonal polynomials) with inner product:

<(l0 +arx + a2x2, bo + bll' + b2$2> = (lobo + a1b1 —+ a2b2

fl(x):gl(x)zl—xQ

o () — (g2, f1) .
fa(x) = g2 () i fo) fr (@)
=z + 22° (_—22)(1— 2)

() S S1) e {gs o)
f3 (@) = g3 (x) (fl,f1>f1() <f2’f2>f2()

:—2+:L'+4x27(_2—6)(1—x2)—g(lerJr:rQ)
f3(z) =0

That is, the polynomial f5 (x) is the zero polynomial, and this indicates that it is not possible to
find a non-zero polynomial orthogonal to f; and f>. This only happens when the original set of
polynomials is linearly dependent. In this case the linear dependence is:

g3 (¥) = g2 (z) — 291 ()

ForthematricesAl:{_l2 (1):|7A2:[i (1)],143:{(1) 1]
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(a) the Gram-Schmidt process of Theorem 5.8 gives the orthogonal matrices B;, Bs, B3 as

follows:
1 1
Bl_Al_{ 2 0]
<A27 B1>

By = Ay — B

2 2 <Bl7 Bl> 1
_ (=6 1 1
- -2 0

For a simpler answer we multiply B3 by 3 (this does not affect orthogonality), and so:

-1 1
po= 2]
Hence, the orthogonal set is:

{Bl,BQ,Bg}—{[EQ H B ”

(b)  Normalizing the orthogonal set:

1 1 1
Bla BQ; 33} = {
{|B1 [Ball " [ Bs]| V6

| —

I
S
Do =
| S
—

(¢) The matrix is:

Using Theorem 5.12 and using the orthonormal basis found in part (b), the required linear
combination is (if it exists):

C= <C, Bl> B + <C, BQ> By + <C, BS> B3

4 1 1 10 3 1 2 —L L
i I Sl I I R e
A v V5 | 75 7B V6 0 %
Checking this result by multiplying out the matrices and computing the sums shows that it is
correct:
ERINIR N
JER IR
-3 0 33 0 -3
31
LRI
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(d)  The matrix is:
1 0
o= 42
Using Theorem 5.12 and using the orthonormal basis found in part (b), the required linear
combination is (if it exists):

C= <07 Bl> B1+ <Ca BQ) BQ+ <Ca B3> B3

5 [ L L g [ 3 1 S
=21 =] =]
Vel-w 0] VBl Us ] VB[ Y

Checking this result by multiplying out the matrices and computing the sums shows that it is

RTINS

[

In this case the linear combination of the orthogonal matrices is not equal to C. This means
C'is not in the span of By, B, Bs. By Theorem 5.13, the linear combination is actually the
projection of C onto the space S.

o=

=
WOy
| I

(SN 1[eY)
GO =

—
e
S|
—_
RN
Q

For the polynomials:

g1 (x) =1, g2 (x) =, gs(x) =27, ga(x) =2°, g5 (2) = 2*

it was shown in Example 5.6.4 that the first four orthogonal polynomials produced by the
Gram-Schmidt process (Theorem 5.8) are:

@, L@ A, A= {1 e e Ll
(a) The fifth orthogonal polynomial is given by:

_ ) — <g5a f1> ) — <g57 .f2> ) — <g57 f3> ) — <g5a f4>
f5 (%) = g5 (2) o, f1) fi (@) (far f2) f2 (@) f3, f3) fa (@) (fa, fa)
4 _ f_11w4 dx 1_ f—11x5 dzx v f_11w4(332—%) dz <$2 1)

fi1 12 dx fi1 z? dx fi1 (22— %)2 dzx 3

Jh et (a8 - 32) da <x3 3 >

fa(z)

2 0 (1) 1 0 3
o Q_ix_ 105 <x2_)_<x3_x)
2 (3 (a5) 3)  (3%)
a1 6/, 1
—* 75 7(9” 3)
a_ 6. 3
fa(z) ==z % +35

Hence, the orthogonal basis of P, is:

{fi(@), fo(z), f3(x), fa(z), f5(2)}= {17 z, $2—é, x — gx, 324—61324—3}
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Note: The Legendre Polynomials are multiples of these polynomials, and the first five
Legendre Polynomials are:

po(x) =1, p1 (x) =z, pa (x) = % (2> =1), ps(2) = % (52° — 32) , pa (z) = é (35x4 —302” + 3)

These multiples are chosen so that p;, (1) = 1, so they are an orthogonal set but are not
normalized with respect to the inner product and so do not form an orthonormal set. For
more details see: http://en.wikipedia.org/wiki/Legendre_polynomials

(b)  The corresponding orthonormal basis is:

1 1 1 1 1

A @ e @ g @ @) g )
-l hw), e h@), e (@) e fi (1), 5 (@)
Vifi, f1) "2, f2) " (s f3) 7 (fa, fa) " s f5)
= ! x 1 ! T ! <x2 — 1)
Phtde Jfaerde L 20 ae VB

3 35 [, 1\ 57 (4 3 105 s 6, 3
—, \/ =7, zt ==, zw——-x|, r—-x" +
V2I V27 2¢/2 3)7 22 5 (8v2) 7 35

10. For the vectors:
u, =(1,0,0,1), up=(1, 2, 0, 1)

(a) Using the method of Theorem 5.9 to find an orthonormal basis of W :

1 1 1
Vi =u; and Wi = mvl =|—,0,0, —
1

V2 V2
vy =uy — (ug - wi)wy = (1, 2, 0, 1)\6(\2, 0, 0, \}5) =(0, 2, 0, 0)

1
Wy = 7— V2 = (0, 1; 07 0)
[Vl

Hence, an orthonormal basis of W is:

In order to find a basis of W+ we add vectors, and use the Gram-Schmidt process to find an
orthonormal basis of the whole space R* - the extra vectors are an orthonormal basis of
W+, That is, we first add a third vector w3 to the set wi, w,. The choice of w3 is arbitrary
(as long as it is not in W) but by noticing that the third components of w;, w» are both zero
we can choose w3 = (0, 0, 1, 0) so that it is already normalized and orthogonal to the first
two vectors.

We add a fourth vector uy to the set wy, ws, w3 and arbitrarily choose it to be
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uy = (1, 0, 0, 3). We use one step of the method from Theorem 5.9 to make the whole set
orthonormal:

vy=uy — (ug-wi)wy — (ug - wa) wo — (uyg - w3) ws

1 1
=(1, 0, 0, 3)—2\/5(\@70,0, \/§>—0><(07 1,0,0)—0x (0,0, 1,0)= (=1, 0,0, 1)
1 1 1
wWy=-—=vy=|—-——=,0 0, —/
P v (ﬂ ﬂ)

Hence, we now have an orthonormal basis of R* :

(w1, o, Wy, wal = {(\}5 0, 0, ¢1§> (0, 1,0,0), (0,0, 1, 0), (—\}5 0,0, %)}

and by Theorem 5.13, the extra two vectors are a basis for W+, namely:

{ws, wy} = {(0’ 0, 1, 0), (_\}5’ 0. 9, \2)}

(b) By Theorem 5.12 we can express u = (2,3,0,4) as a linear combination of wy, wa, w3, wy
by the formula:

u=(u-wy) wi+ (u-ws) wo+ (u-ws) wy + (u-wy) wy

= 3v2w; + 3wy + 0 x ws + 2v2wy

Hence, by Theorem 5.13 u = u; + u, with u; € W, uy € W+ and:

1 1
u; = 3v2w; + 3w 3[2(, 0, 0, >+3 0,1,0,0
1 1 2 \/§ \/i ( )
1 1
=3vV2(—,0,0, — ) +3(0,1,0,0)=(3,3,0, 3
<\/§ ﬁ) ( )= )
1 1
=0x w3+ 2V2 :2\/§<—,0,o, ): —2,0,0, 2
u w3 Wy 7 7 ( )

() The QR— factorization formula is, with the vectors as columns,

w=(1,0,01), u =120, 1),w1:(%, 0, 0, Lz), ws = (0, 1, 0, 0):

WwWi-u Wi - u
e )= [ ][ e

Ky

= o o =
= O N
Sl =8
OO = O

11.  The Gram-Schmidt process is given in matrix form, as shown in Example 5.6.11 11. The columns
of the original matrix are referred to as uy, us, - - - and the columns of Q are referred to as
Wi, Wo, .

(a) Step 1: No special work needed since the first column is already normalized:
A Q R
1 3 _ 1 x* 1 Wi - U2
0 4| |0 = 0 wsy-uy
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Step 2: The second column of Q) is equal to the vector
vy =uy — (uz - wy)wy = (3, 4) — 3(1,0) = (0, 4), which is then normalized to wy = (0,1).
The second column of R has non-zero entries identical to us:

13| |10 1 3
0 4| |01 0 4
Note: This is rather a trivial case with R = A and Q = I. That is because A is already upper

triangular.
(b) Step 1: The first column of @ is the normalized u;, and the first row of R is computed:

B @ ) R
1 1 0 vz F Wi-U; Wi-Uy Wjp-Us
0 1 1 = 0 0 Wo U2 W3- U3
1 -1 1 L 5 | 0 0  ws-ug
'% x x| [ /2 0 %
= 0 * 0 W2 - U2 Wo - U3
_% * 0 0 W3 - Us

Step 2: The second column of Q is equal to the vector
vo=uy— (wy-u)wy; =(1,1, —1)—0xw; =(1, 1, — 1), which is then normalized to

wy = (%, %, - %) The second row of R is computed.
11 0] [ v/ *|][ve o 4
0 ]. ]_ — 0 % * 0 w2 u2 W2’ll3
1 -1 1 % —% * L 0 0 W3 - u3
ri 1 1 r 1
i o C|[v2 0 5
o I N BRI
L V2 — 3 * ] L 0 0 W3 - U3

Step 3: The third column of @ is equal to the vector vy = us — (uz, wi) wy —
=(0,1,1) - L (L,O,i) —0xwy = (—3,1,1) normalized to w3 = (—% 2 i)

=
&
g
2
g
(V]

va\va' " V2 B V6 VG
r B r 1 1 1 7 F
1 1 0 ViV Ty V2 0 =
R el IR BCHN  IECR
L1 1] | %5 % % /L0 0 wsug
_ - r1 1 17T 1
1 1 0 ViV Ty V2o 0
0 1 1|=]0 = 3 0 V3 0
1 -1 1 S e 0o 0 =
- - L V2 V3 v6 1L NG
The last row of R is computed, giving the Q R— decomposition of B :
1 1 1 1
1 1 0 VA Y V2 o0
1 -1 1 B e B 0 0o =
V2 V3 V6 NG

(c) Step 1: The first column of Q is the normalized u;, and the first row of R is computed:

c
3 R 3
50 1 * Wi-u;p Wi-Uup 3 5 3
40 =15 * 0 : - 0 :
0 —2 0 Wa 2 0 W2t
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Step 2: The second column of Q) is equal to the vector

ve=up — (wi-u)wy = (5,0, —2)—3(2, £,0) = (4, — £ —2)whichisthen

normalized to wy = (%, —%, —%)The second row of R is computed giving the QR—
factorization:
Q
3 8 3 8 R
500 i 5 3 5% |5 3
RANTE A HEMEEE A
0 -2 0 —%

(d) Step1: By Theorem 5.9, the matrices have the following form, with the first column of @
being the normalized u;. The first row of R is then computed:

D @ ) R
1 0 2 ﬁ * oKk Wi1-u; Wji-U2 Wjp-Us
0 1 3 = 0 * 0 Wo U2 Wo - U3
2 -1 1 _% *_ 0 0 W3 - us
r L . 2 4
v R I IR B
= 0 * * O Wso - U W2 - U3
2
L V5 * ok 0 0 W3 - us

Step 2: The second column of @ is equal to the vector
Vo = U9 — (112 'Wl)Wl = (O, 1, — 1) — (—%) (%,O, %) = (%7 1, — %), which is then

normalized to wy = \/g (2,1, - 1) = (ﬁ, 727 — ﬁ) The second row of R is then
computed:
r_L V6 1 r
1 0 2 v Vi —Z e
0o 1 3| = 0 % * 0 wy-us wy-us
2 -1 1 2 1 -
L 7 NN * | L 0 0 W3 - usg
ro1 V6 1T _2 4
VA V5 V5 V5
L 75 ~ave 1L O 0 W3 - Ug
Step 3: The third column of ) is equal to the vector:
V3 =us — (Wl ‘113)W1 - (W2 : u3)W2
_o 3 1)_4(102)3% OGRS
n VB VG VB v \3v5 V6 V5V6

vy = (0, 0, 0)

The zero vector found for v3 indicates that it is not possible to find a third non-zero vector
orthogonal to the first two columns of Q. This happens because the original matrix D has a
linear dependence in its columns (the third column equals 3 times the second plus 2 times
the first), and so the columns of D only span a 2-dimensional subspace of R3.

Note: Some authors produce a Q R— factorization anyway, by finding an extra non-zero
column that makes @ orthogonal and then putting the bottom row of R to be all zeros, giving:

1 V6 V2 _2 4

10 2 Vv \/5f¢f5

= v5 1 6 36

013 0 % v 0 i &
2 —1 1 IS B

V5 TV e o 0 0
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5.7 Least squares approximations

When S is a subspace of an inner product space V' any vector b not in S is shown to have a unique
orthogonal projection vector in the space S, denoted projg b, such that b — projg b is orthogonal to
every vector in S. The orthogonal projection vector solves an optimization problem because it is the
nearest vector in S to the vector b, when distance is defined in terms of the inner product of V. In this
optimization context, projg b is often referred to as the least squares approximation of the vector b
when V is a Euclidean vector space.

We have previously encountered some orthogonal projection formulae. In Euclidean spaces in Unit 3
Section 7: Linear Transformations from R™ to R™, Theorem 3.14 gives the orthogonal projection onto a
line through the origin, and Theorem 3.19 gives the orthogonal projection onto a plane through the
origin. We also encountered the general inner product space formula for the orthogonal projection onto
a line/vector through the origin in Theorem 5.7 of Unit 5 Section 5, Basic Properties of Inner Product
Spaces. Finally we saw a formula for the orthogonal projection onto a subspace of an inner product
space with a known orthogonal basis, in Theorem 5.13 of Unit 5, Section 6, Orthogonal Bases, the
Gram-Schmidt Process and Q R— factorization. In this section we develop some formulae for
orthogonal projections that work for any subspace of an inner product space and specific
specializations of these formulae for Euclidean spaces. The orthogonal projection, or least squares
approximation, has a wide variety of applications in Engineering, Science, and Mathematics.

Note: Some of the proofs of theorems are omitted here but can be found in your textbook. Vectors are
shown interchangeably as column matrices and as comma - separated row vectors. The word
“projection” is often used here to mean “orthogonal projection.”

5.7.1 Properties of orthogonal projections in inner product spaces

Definition.

If S is a subspace of an inner product space V', and b ¢ S is any vector in V' then the orthogonal
projection (or simply projection) of b in S is a vector y € S such that b — y is orthogonal to every
vectorin S. If b is in S we formally define the projection of b in S to be b (the same vector). The
projection is denoted as projg b.

Note: Think of going from b along a line that is perpendicular to every vector in S until the line meets S
at the vector y =projg b. You can also think of it as being analogous to the Euclidean space projection
that is easy to visualize, at least for R? and R3. The picture for R? is shown in Figure 5.5, and a similar

picture for R can be found in Unit 3, Linear Transformations from R™ to R™.

Theorem 5.15. In any inner product space, the orthogonal projection projg b, of a vector b into a finite
dimensional subspace S, always exists and is unique.

Proof. The subspace S must have a basis, and this basis can be converted to an orthogonal basis
using the Gram-Schmidt algorithm of the previous section, Orthogonal Bases, the Gram-Schmidt
Process, and Q R— factorization. Furthermore Theorem 5.13 of the previous section gives a formula for
the orthogonal projection in terms of this orthogonal basis - hence, the projection always exists.

In order to show it is unique, suppose y; and y, are both projections of b. Since y;, y2 € S :

(b—y1, y1)=0= (b, y1) = (y1, y1) } and (P2 ¥y2) =0= (b, y3) = (y2, y2) }
(b—y1, y2) =0= (b, y1) = (y1, ¥2) (b—y2, y1) = 0= (b, y2) = (y2, y1)

Since (y1, y2) = (y2, y1) (basis axiom that inner products are commutative) it follows that:

yi, y1) = (y2, ¥2) = (y1, ¥2) = (¥2, y1)

Unit 5 Linear Algebra 2 MATH 2300 57



| S a line

d through
= projs b  the origin

X

Figure 5.5: Projection onto a Line In R?

Hence, the square of the distance from y; to y- is (using the linearity and commutativity axioms of the
inner product):

[d(y1, y2))* = ly1 — yall* = (y1 — y2. y1 — ¥2)
= (y1, y1) + (y2, ¥2) —2(y1, y2)
= 0 (by the equations derived above)

Hence, ||y1 — y2|| = 0, but the fifth axiom of inner products (see the previous section, Basis Definitions
and Properties of Inner Product Spaces) ensures this can only happen if y; — yo2 = 0. Thatis, y; = y»
so the orthogonal projection is uniquely defined.

O

Theorem 5.16. In any inner product space, the orthogonal projection projg b is the nearest vector in S
to the vector b. That is any other vector in x € S satisfies:

d (b, x) > d (b, projg b) orequivalently: ||b — x| > ||b — projg b||

Proof. By the definition of projection, b — projg b is perpendicular to any vector in S and, in particular,
if x # projg b is any other vector in S, then b — projg b is perpendicular to x — projg b. Recall
Theorem 5.5 (Pythagoras) of the previous section, Basic Definitions and Properties of Inner Product
Spaces, that for two perpendicular vectors u, v:

[ =v|* = ufl* + |v]?
Applying this with u = b — projg b, v =x — projg b to give the result:
I”

I(b = projg b) — (x — projs b)|* = ||b — projs b|* + [x — projs b]’

. 2 . 2
Ib = x[|* = [|b = projs b||* + [|Ix — projs b]
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However, ||x — projg b||*> > 0, since x—projg b # 0, and so:

[b—x|*> ||b—projs b|> = ||b—x|| > ||b—projg b|, as asserted.

O

Theorem 5.17. Suppose V is an inner product space, and S is a 2-dimensional subspace with a basis
{v1, va}. If the orthogonal projection vector is given by the linear combination of these basis vectors as:

projg b = kyvy + kovy where kq, ks € R
then k1, ko are solutions of the linear equations with non-singular coefficient matrix:

(vi, Vi) {vi, va) } { ky ] _ { (v1, b) }

<V27 V1> <V2, V2> kJQ <V2, b>

Note: The matrix is symmetric because (vq, v{) = (v1, va).

Proof. If b — projg b is orthogonal to vy and v, then it is left as an exercise for the reader to show that
b — projg b is orthogonal to all vectors in S. Hence, we have the two equations (using projg b —b
instead of b — projg b):

(projg b—b, v;) =0 . (k1vi —kavo — b, v{) =0 . k1 (vi, vi) + ko (ve, vi) = (b, v;)
(projg b—b, vy) =0 (k1vi —kava — b, vo) =0 k1 (v1, Vo) + ko (va, vy) = (b, vy)

The matrix form of the two equations is the required result (using the commutativity (b, v;) = (v, b),
<b’ V2> = <V2’ b>7 <V2’ V1> = <V1, V2>'

The determinant of the coefficient matrix is (where 6 is the angle between the two basis vectors):
(vi, vi) (v, va) = (vi, va)” = [va|* [val|* = [[va|* [[val[* cos® 6
= [[vi]® [v2]? (1 — cos? 6)
= [[val[* [|va||* sin® 6
This is zero only if one of |v1||, ||vz]| is zero, in which case that vector is the zero vector, and so not a
basis vector, or, sin# = 0 in which case § = 0 and v, vy are parallel vectors and so cannot be a basis

of S. Hence, the determinant cannot be zero when {v;, vy} is a basis, and so the coefficient matrix is
non-singular.

O

Theorem 5.18. Suppose V is an inner product space, and S is a k— dimensional subspace with a
basis {v1, va, ---, vi}. If the orthogonal projection vector is given by the linear combination of these
basis vectors as:

projg b = kyvy + kavo + - + kpvy where ky, ko, -+, kx € R
then ki, ko o,--- , ki are solutions of the k x k system of linear equations with k x k non-singular
coefficient matrix:
<V1, V1> <V17 V2> <V17 Vk> k1 <V1, b>
(va, vi) (va, va) -+ (va, Vi) ko (va, b)
Vi, vi)  (vi, va) o (v, Vi) Ky, (Vk, b)

Note: The matrix is symmetric because (v;, v;) = (v;, v;) foreach i, j.
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Proof. The proof is not given but is similar to the proof of Theorem 5.17.

Example 5.7.1.
In P; find the projection of the polynomial f (z) = 2 — 3z + 422 onto the subspace S with basis

{bl (m)7 ba (:C)} = {1‘7 CEQ}
(a)  Using the inner product (ao + a1z + asa?, by + b1z + box?) = agbo + a1by + azbs

(b) Requires calculus. Using the inner product (f, g) = ffl f(x)g(z) dz
Solution. The following is the solution:

(@) If the projection is the linear combination of the basis vectors p (z) = ki« + ko2 then by Theorem
5.17, k1, k- satisfies:

) e e ]=l ]

1 0 [k ] [-3

01 ko | 4
with solution k; = —3, ks = 4. Hence, the projection of f (x) = 2 — 3z + 422 onto the subspace
with basis {x, 22} is the polynomial:

p(r) = =3z + 422

Note: The projection just drops the constant term of the polynomial, which seems intuitively
reasonable.

(b)  If the projection is the linear combination of the basis vectors p () = ki1z + ko then by Theorem
5.17, kq, k- satisfies:

o e e )=l ]

[flleda: fllxgdac} [ ky } _[ It @ (2 - 30 + 4a?) da ]

fil 23 dx fil 2t dx ko | fil 2% (2 — 3z +42?) da

Evaluating the integrals (details not shown) the equations become:

20 [k ]_[-2

0 2 || k| | 3
with solution ky = —3, ko = 2—32 Hence, the projection of f (z) = 2 — 3z + 422 onto the subspace
with basis {z, 22} is the polynomial:

22
p(x)=—-3z+ 31‘2

Note: To check the accuracy of the result in part (b), compute the f () — p(x) =2 — %ﬁ (that is
f(x) —projs f), and show it is orthogonal to the basis polynomials, b, (z) and b, (z). That is,

check that: ) )
1 10
/ T 2——0362 dacannd/ 22— =22) dz=0
—1 3 —1 3
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Example 5.7.2.
Find the orthogonal projection of the matrix A onto the subspace S of Ms, with basis {B, C}, using
the usual inner product (scalar product of the vectors formed from the four coefficients of the matrices):

=[5 s]e-[o ] e[ ]

Solution. If the projection is the linear combination of the basis vectors D = k1 B + k2 C then by
Theorem 5.17, k1, ko satisfies:

&5 2o[k]-[ad
[IR]-[4]
with solution k; = 2, k, = — 2. Hence, the projection is:

13{10} 6[01} {13 —6]
D== _ = — 5 5
510 1 501 1 -8 I
_3 6
Note: To check the accuracy of the result in part (b), compute A — D = g 2 | (thatis

5 5
A —projg A), and show it is orthogonal to the basis matrices B, C. That is, check that:

(A-D,B)y=0and (A—D,C)=0

5.7.2 Properties of orthogonal projections in Euclidean spaces R"

Euclidean spaces, R", n =1,2,3,--- are inner product spaces. We assume the usual inner product

(u, v) =u- v - the scalar product. The orthogonal projection in a Euclidean space R is often called
the Least Squares Approximation. The reason for this name is that if b is a vector and y = projg b is
its projection on a subspace S then y is the nearest vector to b in S. Hence, if e = b — y is the "error”
vector of the approximation of b by y then the length ||e|| is minimized. However:

lell = y/e3 + 3+ +e2

where ey, eq, - - - , €, are the components of e, and so the orthogonal projection minimizes the sum of
the squares of the e, - that is it finds the least value of the sum of squares.

The results in the previous section for general Inner Product Spaces, hold in Euclidean spaces but have
some extra features. Theorem 5.17 becomes:

Theorem 5.19. Suppose that in R™, for some n > 2, S is a 2-dimensional subspace with a basis
{v1, va}. If the orthogonal projection of the vector b is given by the linear combination of these basis
vectors as:

projs b = kyvy + kovo where ky, ke € R

then k1, ko are solutions of the linear equations with symmetric non-singular coefficient matrix:
ViV Vi:-Vy kl _ V1-b
Vo V1 Vg Vo kQ - Vg'b

This can also be re-written in terms of products of matrices as:

ATAX = A"B
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where:
AT AT

[ e[ 5]-[5]

That is, the matrix A has the column vectors v, v, as columns, the transpose matrix AT has the
vectors vi, vy as rows, and B has the single vector b as its column.

Note: The matrix equations AT AX = AT B are called the normal equations and are usually derived
directly using matrix/vector methods in R™ without appealing to the general theorem of inner product
spaces.

Proof. The first matrix equation containing the scalar products follows directly from Theorem 5.17. The
proof that this is the same as the second matrix form follows directly by using block matrix multiplication
of the rows v{', vI of AT by the columns vy, vo, b of A and B:

T
vy k1:|
[ Vi ][ Wk
vivy viv, k] [ vib
viv, vlv, ke | | vIDb

Since vl'v; = v; - v; and vI'b = v; - b this last equation is the same as first matrix equation of the
theorem. 0

- ] [b] =

Theorem 5.20. Suppose that in R", for somen > k, S is a k— dimensional subspace with a basis
{v1, va, -+, vi}. If the orthogonal projection of the vector b is given by the linear combination of these
basis vectors as:

projg b =kivy + kovo + - - - + kv, Where ky, ka,--- ,kp € R

then k1, ko,--- , ki, are solutions of the linear equations with symmetric non-singular coefficient matrix:
V1 -Vp Vi1 -Vg Vi Vi kl V1'b
Vo -V Vg:-Vg --- Vo - Vi kg V2‘b
ViV] Vg:Vg <+ Vi-Vg ky Vi b

This can also be re-written in terms of products of matrices as:

ATAX = A"TB

where:

AT X AT

vi k1 vl

V%—‘ A k'2 Vg B

Sl v v vi ]| .| =1 . |[b]

Vg kg Vg
That is, the matrix A has the column vectors v, vs,--- , v}, as columns, the transpose matrix A” has
the row vectors v, vi,--- vl as rows, and B has the single vector b as its column.

Proof. The proof is not given here, but it would use methods analogous to the proof of Theorem
5.19. O
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Theorem 5.21. Suppose that in R", for somen > k, S is a k— dimensional subspace with a basis
{v1, va, -+, vk}, and A has the v; as columns:

A = [ Vl V2 “e Vk) :I
The projection matrix P, such that for anyb € R", Pb is the projection of b onto S is given by:

P=A(ATA) AT

Proof. From Theorem 5.20, the matrix A7 A is non-singular, and the projection satisfies:
X
3}
. A k2

projg b =kivi+kovo +- -+ kv = [ Vi va - Vi | .| =AX
kg,

X is the solution of AT AX = AT B, where B = [b]. This is given by the inverse matrix method as:
X = (ATA)' A™B

and so the projection is:
P=AX = A(ATA)" A"B

and so the projection matrix is A (ATA)_1 AT,

Example 5.7.3.
Find the orthogonal projection of the vector b = (1, 2, 3) onto the subspace S with basis

{Vla V2} = {(17072)7 (07_1,3)}'

Solution. If the projection is p = k1vy + kovo then, using Theorem 5.19, the equations satisfied by

k1, ko are:
V1-V]y Vi-Vy kl _ Vi1 - b — 5 6 lﬂl _ 7
Vo V1 Vg:-Vo ]{12 - Vg - b 6 10 kg - 7
with solution ky = 2, ko = —%. Hence, the orthogonal projection is:

1 )
pf2(1,0,2)—§(0,—173) = <2,2,2)

Note: To check the accuracy of this result, show that b — p = (-1, 3, 1) is orthogonal to the basis
vectors vy, vo. That is, check that:

31 31
-1,=,=1]-(1,0,2) = n -1,=-,=-1]-(0,-1,3) =0
(-135) 0.0 =0and (-1.3.5)- 0.-1.3

Note: The alternative way of setting-up the equations, used in most textbooks, is as follows. Construct
the matrices, A with the basis vectors as columns and B with b as its column:

1 0 1
A=|0 -1 |,B=]2
2 3 3
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Unit 5

Compute the normal equations A” AX = AT B (these will be the same as the equations used above to
solve this example):

A

T - T

B
{1 0 2] - {kl}_{l 0 2] ;
0 -1 3 9 3 ko 0 -1 3 3

After multiplying the first two matrices on each side these become:
5 6 [k ] _[7
6 10 || ke | [ 7
5.7.3 Applications of least squares in Euclidean spaces R"

Approximate solutions of inconsistent systems of equations

In many applications the solution of a problem is given by the solution of a linear system of equations,
but this system turns out to be inconsistent (it does not have a solution). This can happen when there is
an excess of data that produces more equations than unknowns and inaccuracies in the data or model
used ensure this system is inconsistent. In other applications the model deliberately creates an
inconsistent system and requires a best possible approximate solution to the system (see Example
5.7.5 below).

There are many ways to find an approximate solution to an inconsistent system. The Least Squares
Approximation of an inconsistent system AX = B uses results established in Theorems 5.19, 5.20
and 5.21 that are, for convenience, re-written in equation terminology in Theorem 5.22.

Theorem 5.22. Suppose a linear system is AX = B, whereA is an m x n matrix withm > n, X is the
n x 1 column of unknowns, and B is the m x 1 column vector of right hand values. The least squares
approximate solution for X of the system is defined to be the orthogonal projection of B onto the space
spanned by the columns of A, and it is given by the solution of the normal equations:

ATAX = A"B

The least squares approximation minimizes the sum of the squares of the differences between the right
hand side and left hand side of each of the equations (that is, each row of AX = B). If the columns of
A are linearly independent then the coefficient matrix AT A is non-singular and then the solution can be
written:

X =(ATA) ATB
The orthogonal projection of B onto the column space of A is given by:

1

AX =A (ATA)f1 A" B, and the projection matrix is: A (ATA) AT

Note: This formula holds even if the original system is consistent (has an exact solution). In that case
the least squares approximation is the same as the exact solution of the system. When the columns of
A are linearly dependent, the coefficient matrix A7 A is singular, and the normal equations have
infinitely many solutions, but all of these will give the same value of AX.

Proof. This theorem is a variation of Theorems 5.19 and 5.20. To make the connection clearer, note
that AX is simply a linear combination of the column vectors of A. That is if, in column form,

A:[v1| vo| e |Vn]andXT=[fL'1 Lo - xn]then:
Z1
T2
AX:[Vl‘ V2| |Vn} . =x1V1 +X2Vy + -4+ 21,V
Tn
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Hence, the problem is to find the orthogonal projection of the right hand side B onto the subspace
spanned by columns of A - the problem solved by Theorems 5.19 and 5.20.

Theorems 5.19 and 5.20 did not cover the case where the matrix A7 A is singular (because the
columns of A are linearly dependent). However, in that case, if X is any one solution of the normal
equations AT AX = AT B the all other solutions are given by X + Y where Y is any vector in the null
space of A. In that case all solutions give the same value of for the projection AX because
AX+Y)=AX + AY = AX.

Example 5.7.4.
Find the least squares approximation, and find the error in the solution for the system of equations

ERIEEH

Solution. Solving the first two equations gives z; = 712—1, To = f%, but these two values do not satisfy

the third equation, so the system is inconsistent. Using the method of Theorem 5.19, the least square
approximation X is the solution of the normal equations A7 AX = AT B, and this is:

EREERl I FIRETEAIN
s R ] ]

with solution z; = —%2 and 2, = —22. The differences between the left and right sides gives the error

vector:
1 =37 4 2 1?;8 2 %
N 40 2
1 -4 7 6 4 6 ~2
Hence, the errors in the three equations are 7,1, —2

Note: The method actually minimizes the sum of the squares of the errors. That is, in this example,
(%)2 + (%)2 + (—%)2 = 2 is as small as it possibly can be.

Note: In many inconsistent systems of equations it would be better to minimize the sums of the
absolute values of the errors (rather than the squares of these), but this is a more difficult problem to
solve. In particular, when an inconsistent system has an equation constructed from data that is totally
wrong, then the least squares method tends to exaggerate the affect of that invalid equation on the

approximate solution (rather than minimizing it).

Linear regression

Example 5.7.5.

A large set of data in R?: (z;, v;),i = 1,2,--- ,m is obtained in an experiment. The data should lie on a
straight line but experimental errors, or inaccuracies in the model, have ensured that the data does not
lie on a straight line. The experimenters want to find a straight line, y = a + bz, that best fits the data,
and they decide to minimize the sums of the squares of the deviations in the y— values. Show that the
values for a, b are given by:

D 0 D 05 DD DU v !
mZaz2 - (Zx) ngcz - (Zm)
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m m
where the formulae use the following abbreviations for clarity: » “zy means > “z;y;, > = means » =;,

i=1 i=1
m m

> ymeans Y y;, > z’means » 2.
=1 =1

Solution. Set up each data point for the equation in the form a + bx = y, with unknowns a and b :

a+bry =y 1 = Y1
a+ bxry =y 1 x5 Yo
a+brs=ys — | 1 3 [

a+bxy = ym 1 x, Ym

This is (almost certainly) an inconsistent system of the form AX = B, and so we can solve it by the
method of Theorem 5.22, by solving the system ATAX = ATB :

1 = %
1 a5 B . Y2
1 1 1 1 1 a3 [ a } . 1 1 1 : 1 U3
b | .
1 T I3 T . | T1 X2 T3 I Ty
1 Tm, Ym

él S }:'Zy]
Yooy ]t L

Noting that Zl = m, the solution given by the formula for the inverse of a 2 x 2 matrix is:
=1

pp—— e 21

ZyZar?—ZTz;Ty
{ a } _ 1 (> D 2 =D 2>y ] _ mZzL(Zx)
ST SO 5 Sl R S 598 35 3

Note: The regression line is a basic result in statistics ,where it is often written in a simpler form using
statistical constructs: 7 = % (the mean of the x; values), y = % The formulae become (see the

exercise set for more details):

,_TE-0) -7
> (e —7)

Note: See the exercise set for numerical examples using this formula.

anda =7 — bT

Least squares approximations for nonlinear functions

The least squares method uses linear methods but it can be used to find least squares data fits, using
polynomials and exponential functions.
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Example 5.7.6.

A given set of data in R?: (x;, y;),i=1,2,--- ,m is expected to fit a quadratic function but experimental
errors, or inaccuracies in the model, have ensured that no quadratic fits it exactly. We want to find a
quadratic, y = a + bz + cz?, by minimizing the sums of the squares of the deviations in the y— values.
Show that the values of a, b, c are given by the solutions of the normal equations AT AX = AT B, where:

2

1z =z Y1
2

1 =z 23 Y2

a
A=|1 23 23 | x=|b|, B=| Y3
. } . :

2
1 =z, x5, Ym

Solution. Set up each data point for the equation in the form a + bx + cz? = y, with unknowns a, b, c :

a+bry +cx? =1y 1 a3 n
a+ brsy + CLL‘% =1y 1 x5 m% a Y
a—+ bxs + cgc?5 =ys — | 1 3 x% b | = | vs
a+ bx, + ngn, =Ym 1z Ign Ym

This is (almost certainly) an inconsistent system of the form AX = B and so we can solve it by the
method of Theorem 5.22 (and Example 5.7.5) by solving the system A7 AX = AT B as asserted.

Note: For numerical examples, see the exercise set.

Note: A method exactly analogous to this example can be used to find polynomials of any degree that
approximate a data set. However, the problem becomes numerically unstable if the degree of the
polynomial is large. The process generally works reasonably well with polynomials of degree 3 and 4.

Note: The method will also become unstable and may give meaningless results if the data really does
not all lie reasonably close to a polynomial of the degree used in the approximation.

Example 5.7.7.

A given set of data in R?: (z;, v;),i=1,2,--- ,m is expected to fit an exponential function, y = ae®?,
but experimental errors, or inaccuracies in the model, have ensured that no such function fits it exactly.
We want to find an exponential function y = ae?® by minimizing the sums of the squares of the
deviations in the y— values. Show that the values of a, b are given by the solutions of the normal
equations AT AX = A" B, where:

1 = Ingyy
1 9 In yo
A= |1 a3 7X:[haba}’B: Inys3
1 Tm lnym

Solution. Set up each data point for the equation in the form ae®® = y, with unknowns a, b :

aeb® =y Ina+br; =Iny, 1 = Iny
aeb®2 =y, Ina + bxs =Inys 1 Inyo
aeb®s = ys Takelogs of | g + bag = Inys S I Ina _ | Inys
both sides . . . b .
aebwm = UYm Ina + bl?m =In Ym 1 Tm In Ym

Unit 5 Linear Algebra 2 MATH 2300 67



This is (almost certainly) an inconsistent system of the form AX = B, and so we can solve it by the
method of Theorem 5.22 (and Examples 5.7.5, 5.7.6) by solving the system AT AX = AT B as
asserted.

Note: For numerical examples, see the exercise set.

Note: The solution does not actually solve the problem as stated, because it actually finds the least
squares solution of the equations formed by taking logs of both sides. That is, the solution is not a least
squares solution of the original equations ae®®: = y;.

Section 5.7 exercise set
Check your understanding by answering the following questions.

1. Find the orthogonal projection in R? of the vector (1, 2, 3) onto the two-dimensional subspace
spanned by the vectors {(2,0,-3), (2,1, 1)}, using the inner product:
(@) The normal scalar product

(a)  The inner product: ((a,b,c), (e, f,g)) = ae + bf + 2cg

2. Find the orthogonal projection in P, of the polynomial f (z) = x + x* onto P, with basis
{by (%), b2 (z),b3 (x)} = {1, =, z?} using the inner product:

(a) <a0 + a1z + asx? + azx® + agxt, by + bix + bax? + b3z + b4z4>
= (lobo + a1b1 + G,ng + (13173 -+ a4b4
(b) Requires calculus: (p, ¢) = [*, p(z)q(z) dx
3. Find the projection of the matrix A onto the subspace of M5, spanned by the matrices B, C, D
with the inner product defined in the usual way as the scalar product of the vectors formed from

the four entries in each matrix or, equivalently, as the trace (sum of diagonal values) of the
transpose of one matrix multiplied by the other matrix.

a=[aa)om=[3 0] e=[0 1] o[

4. Find the projection matrix P for the projection in R* onto the subspace S spanned by the two
vectors:
{(1537_2a 1)7 (07 17 Oa 1)}

That is, Pv gives the orthogonal projection of v in S.

5. Find the least squares approximation, and find the errors in each equation, for the linear systems

AX = B:
(a) when:
2 0 2
A=1| -1 2|,B=1| -1
0 1 3
(b) when:
2 0 2
A=1| -1 2|,B=1|1
0 1 1

and explain the meaning of the unusual set of errors.
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(c) when:

2 01 2
-1 2 0 -1
A= 0 1 0 » B= 3
0 0 1 2

6. Find the regression line for the data:
{(0, 1), (1, 1.3), (2, 1.9), (3, 2.6), (4, 3)}

7. More difficult and needs a calculator or computer. Find a plane that fits the data:
(zi, vi, zi) ={(0, 1, 1), (1, 1.3, 1.9), (2, 1.9, 3.1), (3, 2.6, 4.2), (4, 3, 4.8)}
That is, assume the plane is z = a + bz + cy, and do the least squares fit on the z— values.
8. More difficult. Given the data:
{(0,2), 1,0), (2, =1), (3,0), (4 1)}

(a) Find a quadratic, y = a + bx + cx2, that gives the best least squares fit to the data. Find the
sum of squares of the errors.

(b)  Find a cubic, y = a + bz + cx? + da?, that gives the best least squares fit to the data. Find the
sum of squares of the errors.

9. More difficult. Given the data:
{(-=1, 0.5), (0, 1), (0.5, 2), (1, 3), (1.5, 5)}

(a) Find an exponential, y = aeb®, that gives the best least squares fit to the data. Find all of the
errors in the y— values.

(b)  Find a quadratic, y = a + bz + cx3, that gives the best least squares fit to the data. Find the
errors in the y— values.

10. Requires calculus and difficult. Find the orthogonal projection of f (z) = ¢* onto the set of
polynomials {g; (z), g2 (z), g3 (), g4 (x)} = {1,z,22, 23} in the (infinite dimensional) vector
space of all continuous functions, with the inner product:

(», q>=/_1f(w)g(x)dm

11.  More difficult. Show that the simpler forms of the formulae given in Example 5.7.5 are correct:
M2 )Y S (@ -7) (y-T)
(L) BT
QY- Ay Ay
a= s— =y bz
mZxQ - (ZL)

Solutions

1. Forthe vector b = (1, 2, 3), and subspace S spanned by {vi, vo} = {(2,0,-3), (2,1, 1)}, the
orthogonal projection of b onto S is given by p = k1vy + kava, given by the solution of (Theorem

517):
EEEEIBEES

(va, vi) (va2, v2) ky | | (v2, b)

and this becomes:
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(a) For the normal scalar product:
V1V Vi-Vy kl _ V1-b
Vo V1 Vg -Vy kQ o V2'b
13 1 k][ -7
1 6 ko | | 7
with solution k; = —=, k; = 3. Hence, the orthogonal projection is:

—11s

7 14 14 14 35
= (-L)@20,-3)+—-@1,1)= (=, =, 2
p= () eo-m+ el - (i 0)

(b)  For the inner product {(a,b,c), (e, f,9)) = ae + bf + 2cg this becomes:

ExdiE S

with solution k; = —28, k, = 22. Hence, the orthogonal projection is:
46 94 32 94 232
= (-2} (20 -3)+=(21,1)= (=, =, ==
p ( 75)<,, ORI (25, n 75)

2. Given f(z) = = + 2% and basis {b; (z),bs (2),bs ()} = {1, z, 2*} of P, the projection of f onto
Pyis given by = p (2) = k1by (z) + koba () + ksbs (x) where k1, ko, k3 are given by:

(@)  With inner product <a0 + a1z + asx® + asz® + agxt, bo + bix + box® + b3z + b4x4>
= agbg + a1by + agsbs + azbs + asby, solve:

[ (b1, b1)  (by, ba) (b1, b3) ] [ Ky ] [ (b1, f) ]
(b2, b1) (b2, ba) (b2, b3) ko | = | (b2, f)
(b3, b1) (bs, b2) (b3, b3) | | ks (b3, f)

1 00 k1 0] k1 0

01 0 k2 = 1 — kQ = 1

00 1]/ ks 0 ks 0
(

Hence, the projection of f (z) =z + 2t is p (z) = .
(b)  With inner product (p, ¢) = filp(x)q(x) dx, solve:

f_ll 1dz f_ll x dx f_ll 2?de | [k f_ll (z+z%) d
f_llxdx f_11m2 dx f_ll 3 dz ky | = | [l o(z+a?) do
fi1x2 dx filx‘S dx fil atdr | L ks file (z+2*) do
2.0 2 k1 % 1 k1 -
30 2 1Lk 7 s 7

Hence, the projection of f (z) =z + 2t is p(z) = -3 + = + Sa?

Note: To check your result, show that (f — p, b;) = 0 for each basis function b;. Since

f(x)—p(x) =< — S22 + 2, we have to show (the correct results):

1 1
3 6 5, 4 / 3 6 5 &
——= dr =0, —r— = dr =0
/_1<35 7x —l—x) T _1(35x 796 +x €T
1
3 6
/_1(35x2—7x4+x6> dr =20
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Given:
2 1 0 1 0 0 1 0
IS I P
the projection is the linear combination of the basis vectors D = k1B + ko C + k3 D. By Theorem
5.17, ki, ko, ks satisfy:

222

I
ERE

(B, B) (B,C) (B, D) ][k
(D, B) (D, C) (D, D)

10 0] & 1] ky ] 1
01 2 || ks 2 ks 2
Hence, the required projection matrix P = B %C + %D

+
011 2[00 2110
P:[o 0_+3[11}+3{1 0]:{ }
Note: To check your result, show that (P — A), B) =0, (P—-A), C)=0, (P—-A), D) =0,

or equivalently, the trace (sum of diagonal entries) is zero for each of
(P-A"B, (P-A"C, (P-A"D.

LN
WIN =

If the basis vectors of S are the columns of the matrix A :

1 0
3 1
A= -2 0
1 1

then the projection matrix is given by Theorem 5.21 as: P = A (ATA)_1 AT

- 1 -1

1 0 1 0
p_| 3 1 13 -2 1 3 1 13 -2 1
| =2 0 01 0 1 2 0 01 0 1
11 11
[ 1 0] )
3 1 15 4771 3 -2 1
20| 4 2 01 0 1
_11_
1 o
1
-1 502 dle o
- -5 1
_11_
S
3 1 1 1_2_1}
— e g 47 7
-2 0 [—514 T
_11_
101 2 _1
5 5 5
P=| 7 % 7 ¥
om0 8
7T 14 7 14

Note: To check this is correct, you can show that for any vector v € R?,
(v—Pv)-(1,3,-2, 1) =0and (v— Pv)- (0, 1, 0, 1) = 0, but this is somewhat complicated.
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5.

The least squares projection of the system AX = B is given, by Theorem 5.22, as the solution of
the normal equations AT”AX = AT B :

(@)

[ % 7 =]

with solution X” = [ 2 2 ] (least square approximation for the original system). The

errors for each equation are given by AX — B :

2 0 9 2 %
Soaf[i]-] -]
0 1 7 3 —18

(b) This is the same matrix A as part (a) and so the left hand side matrix of the normal
equations is the same:

E IR

with solution X7 = [ 1 1 ] (least square approximation for the original system). The errors
for each equation are given by AX — B :

2 0 1 2 0
-1 2 {1}— 11=1]0
0 1 1 0

The errors are all zero. This means that the original system, even though it has more
equations than variables, does have an exact solution, and it is the solution given by the
least squares method.

2 1.0 0 _2183 [2 -1 0 0 _21
0 2 10 0 1 0lX=]0 2 10 3
1 0 01 0 01 |1 0 01 5

5 -2 2] 5

-2 5 0|X=]1

2 0 2| | 4

with solution X” = [ £ & I | (least square approximation for the original system). The

errors for each equation are given by AX — B :

2 01 7 2 ﬁ
-1 2 0 [ B s O 1
0 10 I 3| -2
0 0 1 11 2 -z
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Figure 5.6: Least Squares Line

By Example 5.7.5, the regression line y = a + bx for five data points is given by the least squares
solution of AX = B :

1 I Y1 1 0 1

1 ZTo a Y2 1 1 a 1.3

1 xz3 b = Y3 - 1 2 b = 1.9

1 x4 Y4 1 3 2.6

1 Is Ys 1 4 3
and the least squares solution is the solution of ATAX = AT B :

1 0] 1
{11111}}%{@{11111} o
01 2 3 4 1 3 b 01 2 3 4 26

1 4 | 3

5 10])[al [ 938

10 30 || 6] | 249

with solution: a = 0.9, b = 0.53 and regression line y = 0.9 + 0.53z. To illustrate this solution, the
graph of the data and regression line are shown in Figure 5.6.

Alternate solution: The solution can also be obtained using the formulae derived in Example
5.7.5, but these are complicated, and generally it is easier to develop the equations and solve the
problem as shown above. The formulae for the least squares line y = a + bz are:

Y ZyZmQ - sz:;r:y’ . mZmy — ZxZQy
mZ:L'2 - (Zx) mZxQ - (Zx)

Sincem =5,) x=10, » 22 =30, Y y =98, Y xy = 24.9 the formulae give the same values
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for a, b:

9.8 %30 —10x 249

= 5 0.9
5 x 30 — (10)
249 -1 .
b:5>< 9 0X298:O.53
5 x 30 — (10)

7. Extending the method of Example 5.7.5, the regression equation z = a + bx + cy: for five data
points is given by the least squares solution of equations AX = B formed by inserting the data in
theforma + bx +cy = 2

1 1 Y 21 1 0 1 1
1 2o ys a 2o 1 1 1.3 a 1.9
1 a3 Y3 b = z23 — 1 2 19 b = 3.1
1 T4 Y c Z4 1 3 26 c 4.2
1 5 Ys z5 1 4 3 4.8

and the least squares solution is the solution of ATAX = AT B :

10 1 1
1 1 1 1 1 1113 |[a] [1 1 1 1 1 1.9
0 1 2 3 4 12 19 b|l=]0 1 2 3 4 3.1
1 1.3 1.9 26 3 1 3 26 c 1 1.3 1.9 26 3 4.2
14 3] 4.8

5 10 98 |[a] [ 150

10 30 24.9 b | =1 39.9

9.8 249 2206 | | ¢ | | 34.68

with approximate solution: ¢ = 0.329, b = 0.583, ¢ = 0.767 and regression equation
z =0.329 4 0.583z 4+ 0.767y.

(a) By Example 5.7.6 the quadratic, y = a + bx + c22, that approximates the five data points
(z;, y;) in the least squares sense is given by the least squares approximation for the
system AX = B :

1 = x% Y1 1 0 O 2
1 x5 :r% a Yo 1 1 1 a 0
1 z3 x% b |l=]wys | = |1 2 4 b | =1 -1
1 x4 xi Y4 1 3 9 0
1 x5 x% Ys 1 4 16 1
with least squares approximation X given by the solution of ATAX = AT B :
1 0 0 ] 2
1 1 11 1 11 1 [ a ] 11 1 1 1 0
01 2 3 4 1 2 4 =01 2 3 4 -1
01 4 9 16 1 3 9 c 01 4 9 16 0
14 16 1
5 10 30 [ [a]l [ 2
10 30 100 b | = 2
30 100 354 | | | |12

Unit 5 Linear Algebra 2 MATH 2300 74



05 0.5 40 45
X
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Figure 5.7: Least Squares Parabola
with solution a = 88, b= —57 ¢ = 2 and approximating quadratic
y=a+br+ca® =3 —8p 4 12
The sum of the squares of the errors is given by ||AX — B|?
10 0 2 7 £8 2 71
11 1 g8 0 35 0
1 2 4 —4? S T 2l
13 9 i 0 —gsﬁ 0
1 4 16 1] g 1
_2 72
i’)S
I
_;3 35
f>5
7

To illustrate this solution, the graph of the data and the approximating quadratic are shown in
Figure 5.7.

(b) Note: Notice that the cubic has a significantly smaller error than the quadratic.

(@) By Example 5.7.6 the exponential y = ae’® that approximates the five data points (z;, ;) in
the least squares sense is given by the least squares approximation for the system AX = B :

1 Iny, 1 -1 In0.5 —0.693
1 29 na Inys 1 0 na Inl 0

1 a3 [ b } =l Inys | = | 1 % { b ] = In2 ~ 0.693
1 x4 In gy 1 1 In3 1.098
1 x5 In ys 1 % Inb 1.609
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-1.0 08 06 -04 -02 00 02 04 06 08 10 12 14 16 18 20

X
Figure 5.8: Least Squares Exponential
The least squares solution is given by the solution of AT AX = AT B:

1 -1 —0.693

1 1 1 1 1 1 (1) Ina 1 1 1 1 1 0

10 21 ||t o2 b || -1 0 L 1 2 0.693

2 2 1 1 2 2 1.098

13 1.609

5 2 Ina | | 2.707
2 b | | 4551
with approximate solution Ina = 0.16646, giving a ~ 1.181and b = 0.937. Hence, the

approximating exponential is y = 0.937¢!-1812,
The errors in the y— values are given by:

y1 — 0.937¢! 18121 0.5 — 0.937¢1-181x(—1) 0.212
Yo — 0.937¢1 18122 1 — 0.937¢1-181x0 0.063
y3 _ 0.93761.181.163 — 2 _ 0.93761'181X0'5 ~ 0309
Y4 — 0.937e! 18124 3 — 0.937¢l-181x1 —0.052
ys — 0.937¢1-1815 5 — 0.937¢l-181x1.5 —0.509

To illustrate this solution, the graph of the data and the approximating quadratic are shown in
Figure 5.8.

(b) By Example 5.7.6 the quadratic y = a + bz + cz? that approximates the five data points
(z;, y;) in the least squares sense is given by the least squares approximation for the
system AX = B :

1 = aﬁ Y1 1 -1 1 %
1 2 x% a Y2 1 0 O a 1
1 a3 x% b |l =|wys | = | 1 % i b | =1 2
1 x4 xi c m 1 1 1 3
1 x5 x% Ys 1 % % 5
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X

Figure 5.9: Least Squares Cubic

with least squares approximation X given by the solution of ATAX = ATB :

1 -1 1 i
1 1 1 11 1 0 0|[a 1 1 1 1 1 1
—10%1% 1%%1;:—10%1% 2
1 0o 11 3 ]]1 1 1 1 0 3 1 3 3
3 9
9 23
A
o 2 F |, | =
2 2 8 4

with approximate solution a = 0.996, b = 1.337, ¢ = 0.854 and approximating quadratic
y = a+ br + cx? = 0.996 + 1. 337z + 0.85422.
The errors in the y— values are:

I -1 1 3 0.513 3 0.013
1 0 0 0.996 1 0.996 1 —0.004
1 1 3 1337 | —| 2 | =] 1878 | —| 2 | =| —0.122
11 1 0.854 3 3.187 3 0.187
1 2 9 5 4.923 5 —0.077

To illustrate this solution, the graph of the data and the approximating quadratic are shown in
Figure 5.9.

Note: The errors with a quadratic approximation are considerably smaller than for the
exponential approximation, suggesting that the data is closer to a quadratic form.
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10. By Theorem 5.18 the projection p (z) = k191 (x) + k292 (a;) + ksgs (z) + kaga (x)

(91,91) (91,92) (91,93) (91,90) | [ Bx | [ (o0, f)
(92,91) (92,92) (92,93) (92,94) ke | _ | (92, 1)
(93:91) (93.92) (93.93) (93,94) ks (93, f)
(94:91) (94.92) (g 4,93> (94, 94> | ks | [ (94 f)

1 1 ~ _ - 1
ffl 1dx ffl zdx f 22dx f X ky fl_l edx
o ade [ 2Pda f_l 3dx f_l ko | _ Jo wetdx
f_ll 2dx _11 23dx f_11x4dx f_ll :L'5d:v ks f_ll z2e®dx
[, adda 711 ztdx fil 2odx fil 2%dx | L ka | i fil z3e®dx

2 0 20 k1 2sinh 1
0 2 0 2 k 2¢ !
3 5 2| =
% 0 % 0 ks | e—be !
0 2 0 2 ks 16e~! — 2¢ |
with approximate solution: k; = 0.996, ky = 0.998, k3 = 0.537, k4 = 0.176 and approximating

polynomial:
y = 0.996 + 0.998z + 0.537x2 + 0.1762>

Note: The first four terms of the Taylor Series approximation to ¢* are:
1 1 .
ewzl+x+§x2+6x3
~ 1+ +0.52% + 0.167 2
These values are reasonably close to those found by the least squares method.

11.  Using the formulae for the means, 7 = %Z:c?,y = #ZZP the simplified formula,

b= W, numerator and denomenator are computed separately:

(z—=

Y@= (-9 =) wy—Ty y—-yy v+7yy 1
- ny ) S B) D RIS SIS P
X -7)(y-7) (mny S r)
(@-2)°=) 2?-2Ty z+7°Y 1
e Yy (;Z)
S (z -7 = % (msz - (ZI)Q)

Hence the result follows:

y_N-m)(y—g) _mdav-d )
S0y e (Yo)

Starting with the simplified formula for a then:

X @-n)y-7)_

- the formula found in Exercise 5.7.5.

o
D SIP ok
a7 T -D -7
> (-7
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Computing the numerator separately:
=yya? = 2yTyx + YT Yl — Tywy + Ty + Ty r — Ty
Moving the fourth term of the numerator up to the second position:

1 1
—yyow = —3aYwy — 2y X T+ myz’ + mr'y + mIygs — mr'y

YN - Sy

Putting this back with the denomenator and using the formula for the denomenator derived above:

o myar = Yy ay
> (z - 7)°
Syt Sy

mZmQ — (Zx)z

- the formula found in Exercise 5.7.5
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