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4 10

5 10

6 10

Total: 70
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True or False Questions

1. [20 points] Are the following true or false? (Write “True” or “False” on the line to the right). These are
marked right minus wrong, so if you don’t know, don’t guess. Two marks each.

(a) If S is a subspace of a vector space V , and 0 is the zero vector in V , then it must be that 0 is also in S.

(a) TRUE
(b) There exists a subspace W of R2 that contains the vectors (1, 0) and (0, 1), and yet W 6= R2.

(b) FALSE
(c) For any matrix A, if the row vectors and the column vectors both form linearly independent sets then

A must be square.
(c) TRUE

(d) The set V of 2× 2 lower triangular matrices is a vector space of dimension 2.
(d) FALSE

(e) If two non-zero vectors in Rn are orthogonal, they must be linearly independent.
(e) TRUE

(f) The set {1, x2, 1 + x3} forms a basis for P3.
(f) FALSE

(g) The set of all vectors in R2 that are perpendicular to (1, 2) is a vector space using the usual vector
addition and scalar multiplication.

(g) TRUE
(h) The only subspaces of R3 are lines and planes that contain the origin.

(h) FALSE
(i) The set V = {f(x) ∈ P3 : f(1) = 1} is a subspace of P3.

(i) FALSE
(j) The set {[

a b

c d

]
: a + b + c + d = 2, a, b, c, d ∈ {0, 1}

}

is linearly independent in M2,2.
(j) FALSE
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2. [10 points] Let S = {v1, v2, . . . , vn} be a basis for a vector space V . Prove that every vector v ∈ V can be
expressed as a linear combination of the elements of S in exactly one way.

Solution: Let v ∈ V . Let c1, . . . , cn, k1, . . . , kn ∈ R be such that

v = c1v1 + c2v2 + . . . + cnvn

and
v = k1v1 + k2v2 + . . . + knvn.

Then subtracting straight down we get

0 = v− v = (c1 − k1)v1 + (c2 − k2)v2 + . . . + (cn − kn)vn.

But since S is a basis, S is linearly independent, and thus the only way this could happen is if c1−k1 = 0,
..., cn − kn = 0. Thus c1 = k1, . . . , cn = kn and so v can only be written as a linear combination of the
elements of S in one way.
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3. [10 points] Let V be a vector space, and let W1 and W2 be subspaces of V . Let

U = {v : v ∈ W1 and v ∈ W2}

(that is, U is the set of vectors in BOTH W1 and W2). Prove that U is a subspace of V as well. Explicitly
refer to any and all axioms you use along the way.

Solution: A1) Let u, v ∈ U . Then u, v ∈ W1 and u, v ∈ W2. Then since A1 holds in W1, u + v ∈ W1, and
since A1 holds in W2, u + v ∈ W2 as well. Thus u + v ∈ U and so A1 holds.

M1) Let u ∈ U , and let k ∈ R. Then u ∈ W1 and u ∈ W2, and so since M1 holds in W1, ku ∈ W1, and
since M1 holds in W2, ku ∈ W2 as well. Thus ku ∈ U , and so M1 holds.

Thus, but the subspace theorem, U is a subspace of V .
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4. Let v1 = (1, 2, 1), v2 = (3,−1, 0) ∈ R3. Let w = (5, 3, 2) and u = (7, 0, 0).

(a) [4 points] Show that w ∈ span({v1, v2})

Solution: It would suffice to just point out that

2v1 + v2 = w.

If you can’t ”see” this, then you would have to set up a system of equations and solve it. Either
way, it’s pretty quick.

(b) [6 points] Show that u 6∈ span({v1, v2})

Solution: Let c1, c2 ∈ R be such that (7, 0, 0) = c1(1, 2, 1) + c2(3,−1, 0). Then

(7, 0, 0) = (c1 + 3c2, 2c1 − c2, c1),

and so we have the system of equations:

c1 + 3c2 = 7

2c1 − c2 = 0

c1 = 0.

But since c1 = 0 (from the third components), we then have that 3c2 = 7 and−c2 = 0, which cannot
both be true at the same time. Thus this system has no solution, and therefore u 6∈ span({v1, v2}).
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5. Let

S =

{[
a b

a + b b

]
: a, b ∈ R

}
⊆ M2,2.

(a) [4 points] Prove that S a subspace of M2,2.

Solution: To show that S is a subspace of M2,2, we must show that it is closed under addition and
under scalar multiplication.

1). Let

[
a b

a + b b

]
,

[
c d

c + d d

]
∈ S. Then

[
a b

a + b b

]
+

[
c d

c + d d

]
=

[
a + c b + d

(a + b) + (c + d) b + d

]

=

[
a + c b + d

(a + c) + (b + d) b + d

]
∈ S.

Thus S is closed under addition.

2). Let

[
a b

a + b b

]
∈ S, k ∈ R. Then

k

[
a b

a + b b

]
=

[
ka kb

k(a + b) kb

]
=

[
ka kb

ka + kb kb

]
∈ S.

Thus S is also closed under scalar multiplication. Thus by the subspace theorem, S is a subspace
of M2,2.

(b) [4 points] Find a basis for S, and prove your answer is a basis.
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Solution:

S =

{[
a b

a + b b

]
: a, b ∈ R

}

=

{[
a 0

a 0

]
+

[
0 b

b b

]
: a, b ∈ R

}

=

{
a

[
1 0

1 0

]
+ b

[
0 1

1 1

]
: a, b ∈ R

}

= span

({[
1 0

1 0

]
,

[
0 1

1 1

]})
.

Thus the set {[
1 0

1 0

]
,

[
0 1

1 1

]}

certainly spans S. It just remains to show that the set is linearly independent. But, since these
two matrices are not scalar multiples of each other, they are linearly independent. Thus these two
matrices form a basis.

(c) [2 points] What is the dimension of S?

Solution: The dimension of this space is 2, the number of elements in the found basis.
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6. [10 points] Show that
S = {x, 2 + x2, 5 + x}

forms a basis for P2.

Solution: Since P2 has dimension 3 (take, say, the standard basis {1, x, x2}), and since S has 3 elements,
we know that either S is a basis or S is not linearly independent (that is, if S is linearly independent,
then it MUST span the space since it has the same number of elements as the dimension of the space).
So it suffices to show that S is linearly independent.

Let c1, c2, c3 ∈ R be such that
c1x + c2(2 + x2) + c3(5 + x) = 0.

Then
(2c2 + 5c3) + (c1 + c3)x + (c2)x

2 = 0 + 0x + 0x2,

and we get the system of equations:

2c2 + 5c3 = 0

c1 + c3 = 0

c2 = 0.

Since c2 = 0, we have from the first equation that 5c3 = 0 and so c3 = 0. Then by the second equation
we have that c1 = 0 as well. Thus the only solution to this system is c1 = c2 = c3 = 0, and so S is
linearly independent.

Thus since S is a linearly independent set of 3 vectors in P2 (a 3-D space), we know that S is a basis for
P2.
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The Axioms of a Vector Space

A set V together with addition “⊕” and scalar multiplication “·” is a Vector Space if and only if each of the
following axioms hold:

A1. for every u, v ∈ V , u⊕ v ∈ V ,

A2. for every u, v ∈ V , u⊕ v = v⊕ u,

A3. for every u, v, w ∈ V , u⊕ (v⊕w) = (u⊕ v)⊕w,

A4. there exists an element 0 ∈ V such that for every u ∈ V , 0⊕ u = u,

A5. for every u ∈ V , there exists a “− u” ∈ V such that u⊕ (−u) = 0,

M1. for every u ∈ V and k ∈ R, k · u ∈ V ,

M2. for every u, v ∈ V and k ∈ R, k · (u⊕ v) = k · u⊕ k · v,

M3. for every u ∈ V , and k, m ∈ R, (k + m) · u = k · u⊕m · u,

M4. for every u ∈ V , and k, m ∈ R, k · (m · u) = (km) · u, and

M5. for every u ∈ V , 1 · u = u.
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