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True or False Questions

1. [20 points] Are the following true or false? (Write “True” or “False” on the line to the right). These are

marked right minus wrong, so if you don’t know, don’t guess. Two marks each.

(a) If S'is a subspace of a vector space V, and 0 is the zero vector in V, then it must be that 0 is also in S.

(@) TRUE
(b) There exists a subspace W of R? that contains the vectors (1,0) and (0,1), and yet W # R2.
(b) FALSE

(c) For any matrix A, if the row vectors and the column vectors both form linearly independent sets then

A must be square.

(c) TRUE
(d) The set V of 2 x 2 lower triangular matrices is a vector space of dimension 2.

(d) FALSE
(e) If two non-zero vectors in R" are orthogonal, they must be linearly independent.

(e) TRUE
(f) The set {1,2% 1 + 23} forms a basis for P;.

(f) FALSE

(g) The set of all vectors in R? that are perpendicular to (1,2) is a vector space using the usual vector

addition and scalar multiplication.

(8) TRUE
(h) The only subspaces of R? are lines and planes that contain the origin.

(h) FALSE
(i) ThesetV = {f(x) € Ps: f(1) = 1} is a subspace of Ps.

(i) FALSE

(G) The set
a b
{[ p ca+b+c+d=2, a,b,c,de{O,l}}
c

is linearly independent in M, 5.

() FALSE
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2. [10 points] Let S = {vy,vs,...,V,} be a basis for a vector space V. Prove that every vector v € V' can be

expressed as a linear combination of the elements of S in exactly one way.

Solution: Letv e V. Letcy,...,c,, k1,...,k, € R be such that
V=CV]+cCcVvy+...+c,Vv,

and
VvV = klvl + k‘QVQ + ...+ knvn.

Then subtracting straight down we get

0=v—v=1_(cg —k)vi+ (ca —ka)vo+ ...+ (¢, — kpn)Vn.

But since S is a basis, S is linearly independent, and thus the only way this could happenisif ¢;—k; =0,
ey ¢n — kp = 0. Thus ¢; = ky,...,¢, = k, and so v can only be written as a linear combination of the

elements of S in one way.
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3. [10 points] Let V be a vector space, and let W; and W, be subspaces of V. Let
U={v:ve W andv e Wy}

(that is, U is the set of vectors in BOTH W, and W,). Prove that U is a subspace of V' as well. Explicitly

refer to any and all axioms you use along the way.

Solution: Al)Letu,v € U. Thenu,v € W; and u,v € W,. Then since Al holdsin Wy, u+v € Wy, and
since Al holds in W5, u +v € W, as well. Thusu + v € U and so A1l holds.

M1) Letu € U, and let k € R. Then u € W; and u € W,, and so since M1 holds in Wy, ku € W7, and
since M1 holds in W5, ku € W5 as well. Thus ku € U, and so M1 holds.

Thus, but the subspace theorem, U is a subspace of V.
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4. Letvy = (1,2,1),vo = (3,—-1,0) € R%. Let w = (5,3,2) and u = (7,0, 0).

(a) [4 points] Show that w € span({vy, v2})

Solution: It would suffice to just point out that
2vy + vy = W.

If you can’t “see” this, then you would have to set up a system of equations and solve it. Either
way, it’s pretty quick.

(b) [6 points] Show that u ¢ span({vy,vy})

Solution: Let ¢;,c2 € Rbe such that (7,0,0) = ¢;(1,2,1) + ¢2(3, —1,0). Then
(7, 0, 0) = (Cl + 302, 201 — Co, Cl),
and so we have the system of equations:

01+302:7
261—0220

01:().

But since ¢; = 0 (from the third components), we then have that 3¢, = 7and —c; = 0, which cannot
both be true at the same time. Thus this system has no solution, and therefore u ¢ span({vy, vs}).
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5. Let
S = “ ZCL,bGR QMZQ.
a+b b

(a) [4 points] Prove that S a subspace of My 5.

under scalar multiplication.

b d
1). Let o € S. Then
a+b b c+d d
a b c d __ a+tc b—l—d_
a+b b ctd d| | (a+b)+(c+d) b+d
[ a+tc b—}—d_
p— ES.
_(a—l—c)—l—(b+d) b+d_
Thus S is closed under addition.
b
2).Let[ ]eS,keR.Then
a+b b
a b B ka kb B ka kb cg
a+b b | | kla+b) kb | | ka+kb kb '

of ngg.

Solution: To show that S is a subspace of M5 5, we must show that it is closed under addition and

Thus S is also closed under scalar multiplication. Thus by the subspace theorem, S is a subspace

(b) [4 points] Find a basis for .S, and prove your answer is a basis.
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Solution:

S{:aib z];a,beR}
Z{_ZH*[Z ZI:a,beR}
({0}

IRk

certainly spans S. It just remains to show that the set is linearly independent. But, since these

Thus the set

two matrices are not scalar multiples of each other, they are linearly independent. Thus these two

matrices form a basis.

(c) [2 points] What is the dimension of S?

Solution: The dimension of this space is 2, the number of elements in the found basis.
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6. [10 points] Show that
S ={z,2+2*5+x}

forms a basis for P,.

Solution: Since P has dimension 3 (take, say, the standard basis {1, z, 2%}), and since S has 3 elements,
we know that either S is a basis or S is not linearly independent (that is, if S is linearly independent,
then it MUST span the space since it has the same number of elements as the dimension of the space).
So it suffices to show that S is linearly independent.

Let ¢1, c9, c3 € R be such that
x4 (24 2% +e3(5+2) =0.

Then
(2¢2 + 5c3) + (1 + ¢3)x + (e2)x* = 0 + Oz + 022,

and we get the system of equations:

202+5C3:0
01+C3:0
CQZO.

Since ¢, = 0, we have from the first equation that 5¢; = 0 and so ¢z = 0. Then by the second equation
we have that ¢; = 0 as well. Thus the only solution to this system is ¢; = ¢, = ¢3 = 0, and so S is
linearly independent.

Thus since S is a linearly independent set of 3 vectors in P, (a 3-D space), we know that S is a basis for
P.
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The Axioms of a Vector Space

“” 7

A set V together with addition “@®” and scalar multiplication “-” is a Vector Space if and only if each of the

following axioms hold:

Al. foreveryu,ve V,uevelV,

A2. foreveryu,veV,udv=vadu,

A3. foreveryu,v,weV,u®d (vow)=(udv)dw,

A4. there exists an element 0 € V such that foreveryu € V, 0@ u = u,
A5. foreveryu € V, thereexistsa “ —u” € V such thatu & (—u) =0,
Ml1. foreveryue Vandk e R, k-ueV,

M2. foreveryu,ve Vandk e R, k- (udv)=k-udk-v,

M3. foreveryu e V,andk,m € R, (k+m)-u=k-ud®m-u,

M4. foreveryu e V,and k,m € R, k- (m-u) = (km) - u, and

M5. foreveryuecV,1-u=u.



UNIVERSITY OF MANITOBA

DATE: February 4, 2010 TERM TEST 1 SOLUTIONS
PAGE: 9 of 10

DEPARTMENT & COURSE NO: MATH 2300 TIME: 75 minutes

EXAMINATION: Linear Algebra II EXAMINER: Borgersen

SCRAP PAPER



UNIVERSITY OF MANITOBA

DATE: February 4, 2010 TERM TEST 1 SOLUTIONS
PAGE: 10 of 10

DEPARTMENT & COURSE NO: MATH 2300 TIME: 75 minutes

EXAMINATION: Linear Algebra II EXAMINER: Borgersen

SCRAP PAPER



