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True or False Questions

1. [10 points] Are the following true or false? (Write “True” or “False” on the line to the right). These are

marked right minus wrong, so if you don’t know, don’t guess. One mark each.

(a) Let B = {vy,...,v,} be a basis for a vector space V, and let 7' : V' — V be an linear operator. Then
T(B) ={T(v1),...,T(v,)} must be a basis for I as well.
(a) False
(b) Let T : R* — R? be defined by T'(a, b, ¢, d) = (a,b,c). Then T is an isomorphism.
(b) False
(c) Let A be an invertible matrix. Then Ty must be 1-to-1.
(©) True
(d) The vector spaces P, and R* are isomorphic.
(d) False

(e) Let T4 : R® — R? be the linear transformation that reflects vectors in the zz-plane, and then cuts their
lengths in half. Then

10 0
A=10 F 0
003 (e) True
(f) Let T : R? — R be defined by T'(a,b) = ||(a,b)||. Then T is an onto linear transformation.
(f) False
(g) LetT : P, — P, be defined as T'(f(x)) = f'(x). Then T is a linear transformation.
(8) True
(h) Let T : V — W be a one-to-one linear transformation. Then 7~ : T(V) — V is an isomorphism.
(h) True
(i) LetT : V — W be a one-to-one linear transformation. Then nullity(7~!) = 0.
() True
(G) Let S = {s1,...,s,} be a set of vectors in V' and let 7" be a linear transformation 7" : V' — W be such

that 7'(S) = {T'(s1),...,T(s,)} is a linearly independent set in W. Then S must have been linearly
independent.

() True
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Long Answer Questions

2. LetT : P, — P, be defined by
T(a + bz + cx?®) = (a + b)x.

(a) [8 points] Show that T is a linear transformation.

Solution: Leta + bx + ca?,d + ex + fa? € Py, k € R.

1)

T((a+bx+ca?) + (d+ex+ f2?)) =T((a+d) + (b+e)x + (c+ f)z?)
={(a+d)+ (b+e))x
=(a+d+b+e)x
=(a+bx+ (d+e)x
=T(a+ bz + cx?) + T(d + ex + fz?).

2)

T(k(a+ bz + cx?)) = T(ka + (kb)z + (kc)z?)
= (ka + kb)x
= k((a+b)x)
= kT (a + bz + cx?).

Thus by definition, 7" is a linear transformation.
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Reminder: T': P, — P, is defined by
T(a+ bx + cx?) = (a + b)x.

(b) [4 points] Find a basis for the range of T'.

Solution:

T(P) = {T(V):v e P}
={T(a+bx+cz®):a+br+cx® € P}
={T(a+bx +cz?®):a,bc € R}
={(a+b)z:a,beR}
={ar +br:a,b e R}
= span({z,x})

— span({z}).

Thus {z} spans the range, and since it is a one-element set, it is certainly linearly independent,

and thus forms a basis for the range of 7'.
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3. [10 points] LetT": P, — M; 5 be defined by

Find a set that spans ker(7"), and find nullity (7).

Solution:

00
ker(T vePD:
00

0 0
a+ b + cx? (a+ba:+c:):2):[0 O]}

a+b+c a B 00
a—b+c —a 00

={a+br+c’:a+b+c=0,a=0,a—b+c=0, —a=0}

— —

a+bx+ cx?:

:{a+b:p+cx2:b+c:(), a=0, —b+c:0}
:{bx+cx2:c:—b,c:b}
:{bx+cx2:c:b:0}

={0}.

Thus {0} spans the kernel, and so the nullity of 7" is 0.
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4. Let T : R? — R? be a linear transformation such that
T(1,0) = (1,1) and

(a) [8 points] Find a general formula for 7'(x, y).

T(0,1) = (1, -1).

Solution:
T(z,y) =T(x(1,0) +y(0,1))
= T'(x(1,0)) + T'(y(0,1))
=2T(1,0) +y7'(0,1)
= z(1, 1) +y(1,-1)
= (z, Y, —y)
(fL’ +y,x—y)
(b) [2 points] Whatis 7'(3,5)?
Solution:
T(3,5) = (3+5,3—5) = (8, —2).

(c) [4 points] Find a general formula for (7o T')(x, y).

Solution:

(T oT)(x,y)

= (2z,2y).

=T(T(z,y))
=((r+y)+(x—y),(r+y) -

(z —y))
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5. Let T : R? — R? be defined as T'(x,y) = (0, 4y + )

(a) [2 points] Is T" one-to-one? Justify your answer.

Solution: No, since 7'(0,0) = 7'(—4,1) = (0,0).

(b) [2 points] Is T onto? Briefly justify your answer.

Solution: No, since 7'(z,y) = (1, 0) has no solution (that is, nothing maps onto (1, 0)).

6. Let T4 be the linear transformation associated with the matrix

4 5 0 9
3 =2 1 0 -1
A=
-1 0 -1 0 -1
2 3 5 1 8

(a) [2 points] What is the domain of T'4?

Solution: Since Ais4 x 5, T4 : R?> — R* So the domain is R®.

(b) [2 points] What is the codomain of T'4?

Solution: As above, the codomain is R*.

(c) [2 points] Is Ty one-to-one?

Solution: Definitely not, since it is mapping a 5 dimensional space into a 4 dimensional space.
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General Proofs

7. [10 points] Let T': V' — W be a linear transformation. Prove that the ker(7’) is a subspace of V.

Solution: To show that ker(7") we must show that it is closed under addition and under scalar multi-
plication. Let u,v € ker(7"), and let k € R.

1) We need to check if u + v € ker(T"). To check, take T of it:
T(u + V) = T(ll) + T(V) = 0w + 0y = O .

Thus u + v € ker (7).

2) We need to check if ku € ker(T"). To check, take T of it:
Thus ku € ker(T).

Thus by the subspace theorem, ker(7") is a subspace of V.
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8. [12 points] Let B = {vy,vs,...,V,} be a basis for a vector space V, and let 7" : V' — W be a linear
transformation. Show that if 7'(vy) = T'(vy) = - - - = T'(v,,) = Oy, then T' is the zero transformation (that is,

foreveryv e V, T'(v) = Oy).

Solution: Let v € V. Then since B is a basis for V, there exist ¢1,¢s,...,¢, € R such that v = ¢;v; +

coo v,

Then,

T(v)=T(c1vi+ ...+ cuvy)
=T(c,vi) + ...+ T(cp,vy)
=cT(vi)+ ...+ ¢, T(vy)
=c 0w +...4+c, 0w

= Oy .

Thus T is the zero transformation.
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The Axioms of a Vector Space

“” 7

A set V together with addition “@®” and scalar multiplication “-” is a Vector Space if and only if each of the

following axioms hold:

Al. foreveryu,ve V,uevelV,

A2. foreveryu,veV,udv=vadu,

A3. foreveryu,v,weV,u®d (vow)=(udv)dw,

A4. there exists an element 0 € V such that foreveryu € V, 0@ u = u,
A5. foreveryu € V, thereexistsa “ —u” € V such thatu & (—u) =0,
Ml1. foreveryue Vandk e R, k-ueV,

M2. foreveryu,ve Vandk e R, k- (udv)=k-udk-v,

M3. foreveryu e V,andk,m € R, (k+m)-u=k-ud®m-u,

M4. foreveryu e V,and k,m € R, k- (m-u) = (km) - u, and

M5. foreveryuecV,1-u=u.
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