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Short Answer

1. [8 points] Let

A =

[
1 −1

1 2

]
, B =

[
2 2 2

2 3 4

]
, C =




1 −1

0 −1

1 −3


 .

In each of the following cases, compute the given expression or briefly explain why the expression cannot
be calculated:

(a) AB

Solution:

AB =

[
1 −1

1 2

] [
2 2 2

2 3 4

]
=

[
0 −1 −2

6 8 10

]
.

(b) A + B

Solution: Can’t be done because A and B are different sizes.

(c) B + 2CT

Solution:

B + 2CT =

[
2 2 2

2 3 4

]
+ 2




1 −1

0 −1

1 −3




T

=

[
2 2 2

2 3 4

]
+ 2

[
1 0 1

−1 −1 −3

]

=

[
4 2 4

0 1 −2

]
.

(d) AB −BA

Solution: Can’t be done because BA can’t be done (the number of columns of B does not equal
to the number of rows of A).
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2. Let A be a 3 × 3 matrix with determinant 5, and let B be a 3 × 3 matrix with determinant −3. Find the
determinant of each of the following (showing all necessary work):

(a) [3 points] AB2

Solution:
det(AB2) = det(ABB) = det(A) det(B) det(B) = (5)(−3)(−3) = 45.

(b) [3 points] A−1(2B)AT

Solution:

det(A−1(2B)AT ) = det(A−1) det(2B) det(AT ) =
1

det(A)
23 det(B) det(A) = 8(−3) = −24.

(c) [4 points] adj(A)

Solution: Since A−1 = 1
det(A)

adj(A), we have that

det(adj(A)) = det(det(A)A−1) = (det(A))3 det(A−1) = (det(A))3 1

det(A)
= (det(A))2 = 52 = 25.

3. [4 points] Suppose A is a 4× 4 invertible matrix.

(a) What is the reduced row echelon form of A?

Solution: Since A is invertible, the RREF of A is I4.

(b) Find all solutions to the homogeneous system Ax = 0.

Solution: Since A−1 exists, Ax = 0 has only the trivial solution x = 0.
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4. Consider the system of linear equations

x + ay = 2− b

4x + 2ay = 2b
.

This system’s augmented matrix is

[
1 a 2− b

4 2a 2b

]
, which, partially reduced is

[
1 0 −2 + 2b

0 a 4− 3b

]
.

(a) [2 points] Find all a and b such that the system has no solutions.

Solution: We need the bottom row to be zeros but not in the last column, so we need a = 0 and
4− 3b 6= 0, that is a = 0 and b 6= 4

3
.

(b) [2 points] Find all a and b such that the system has infinitely many solutions.

Solution: We need the bottom row to be all zeros, so we need a = 0 and b = 4
3
.

Long Answer

5. [8 points] Let A be some fixed square matrix. Let B and C be two inverses of A. Prove then that B = C

(that is, that there is only one inverse of A). Show all necessary steps, and use complete sentences.

Solution: Since B is an inverse of A we know that AB = BA = I , and since C is an inverse of A we
know that AC = CA = I . Then

B = BI = B(AC) = (BA)C = IC = C.
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6. Let

A =




2 2 0

2 0 2

−2 2 2


 .

The adjoint of A is shown below partially computed.

(a) [4 points] Enter the two missing numbers in the boxes provided.

adj(A) =



−4 −4 4

−8 4 −4

4 −8 −4




(b) [4 points] Find the determinant of A (using any valid method)

Solution:
∣∣∣∣∣∣∣

2 2 0

2 0 2

−2 2 2

∣∣∣∣∣∣∣
R3 ← R3 −R1 =

∣∣∣∣∣∣∣

2 2 0

2 0 2

−4 0 2

∣∣∣∣∣∣∣

= −2

∣∣∣∣∣
2 2

−4 2

∣∣∣∣∣
= (−2)(4 + 8) = −2(12) = −24.

(c) [2 points] Use (a) and (b) above to find A−1.

Solution:

A−1 =
1

det(A)
adj(A) =

1

−24



−4 −4 4

−8 4 −4

4 −8 −4


 .
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7. [6 points] Solve the following system using Gauss-Jordan Elimination. No marks will be awarded for any
other method.

x1 + 2x3 + x4 = 10

−x1 + x2 + x3 − x4 = −5

x1 + x2 + 5x3 + 2x4 = 21

x2 + 3x3 = 5

Solution:

x1 + 2x3 + x4 = 10

−x1 + x2 + x3 − x4 = −5

x1 + x2 + 5x3 + 2x4 = 21

x2 + 3x3 = 5



1 0 2 1 10

−1 1 1 −1 −5

1 1 5 2 21

0 1 3 0 5




R2 ← R2 + R1

R3 ← R3 −R1


1 0 2 1 10

0 1 3 0 5

0 1 3 1 11

0 1 3 0 5




R3 ← R3 −R2

R4 ← R4 −R2




1 0 2 1 10

0 1 3 0 5

0 0 0 1 6

0 0 0 0 0




R1 ← R1 −R3


1 0 2 0 4

0 1 3 0 5

0 0 0 1 6

0 0 0 0 0




x1 + 2x3 = 4

x2 + 3x3 = 5

x4 = 6

0 = 0

x1 = 4− 2r

x2 = 5− 3r

x3 = r

x4 = 6

r ∈ R
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8. [10 points] Express A =

[
0 2

1 −3

]
as a product of elementary matrices. Show all your work.

Solution: [
0 2

1 −3

]

R1 ↔ R2[
1 −3

0 2

]

R2 ← 1

2
R2

[
1 −3

0 1

]

R1 ← R1 + 3R2[
1 0

0 1

]

So

E1 =

[
0 1

1 0

]
, E2 =

[
1 0

0 1
2

]
, E3 =

[
1 3

0 1

]
,

and E3E2E1A = I .

Since

E−1
1 =

[
0 1

1 0

]
, E−1

2 =

[
1 0

0 2

]
, E−1

3 =

[
1 −3

0 1

]
,

we have that

A = E−1
1 E−1

2 E−1
3 =

[
0 1

1 0

][
1 0

0 2

][
1 −3

0 1

]
.
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