Math 1500

Theorem 1. If a function f is differentiable at a € R, then f is continuous at a.

Proof. To show that f is continuous at a, it must be shown that

lim f(2) = f(a).

r—a

Since f is differentiable at a,
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o) = iy HOE =), 1) 10
exists. So,
glclirlll f(z) = glgii%(f(a) + f(z) — f(a)) (adding and subtracting f(a)),

= 91613(11 fla) + h (f(x) f(a)) (sum law for limits),
= f(a) + glﬁlir(ll %(z —a) (multiplying and dividing by = — a),
_ . f(z) — f(a) o fl) = fla) .
= f(a) + glﬁlir(lz ﬁ glcgré(a: —a) (since }}fﬁ B exists),
= fla) + f'(a) x

= [(a).

Therefore f is continuous at a.
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Theorem 2. For any differentiable function f, and any ¢ € R,

d
© (ef) =
Proof. Let g(z) = cf(z). Then,
(&) = lim glr + h]z —9()
_ lim cf(x +h) —cf(x)
h—0 h

_ i (et h) = f(x)

= ( h ) ’

o et~ ()

kS0 h

This proves the theorem.

d
c%f(x).

(definition of the derivative of g(x)),

(definition of g(z)),

(law for limits),

(definition of the derivative of f(x)).
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Theorem 3. For any differentiable functions f and g,

d

L (@) + o) =+

dx

Proof. Let S(z) = f(x) + g(z). Then

S(x+h) — S(z)

o) = fn
i @R+ g(xth) — fz) — g(x)
h—0 h
o (fle+h) = flx) | glz+h)—gx)
= Jimy ( h * h )
- Sz + h})L — f(x) +lim g(x +h) —g(z)
= f'(z) +4'(z).

This proves the theorem.
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d

f@)+ ().

(definition of the derivative of S(z))

(definition of S(x))

(reordering and separating the fraction)

(limit law for sums)
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Theorem 4. For any differentiable functions f and g, (f(z)g(x)) = f(z)g(x) + ¢'(z) f(x).

(@) = Jimy h
= lim [zt Myl *hh) — J(@)y(@) (definition of S(z))
iy JE g+ h) = f@)g(e+ k) + f(z)g(x + h) - fz)g(w)
_ Z;IZ (f (z 4+ h)g(x + hl)l —f (Jf)g(ffchr h) | fle)gle+ h}i —f (x)g(fv>> (separating the fraction)
~ lim f@+h)g(x+ h})l — f(@)glz +h) lim f()g(z + h}i — f(@)g(x) (limit law for sums)
~ lim 1 fl+ h})L @) sy + lim 9l + hf)b =9 5 (factoring)
_ }15% flo+ h}i /() lim g(z + ) + lim 9l + h}i —9(@) lim f(x)  (limit rule for products)
- lim (w+h2 flx )g(x) +,le5 g(x +h]z— 9 ()
= f'(z)g(x) + ¢'(x) f ().

This proves the theorem. Il
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Theorem 5. (sin(z))" = cos(z).

Proof. For the proof, two claims are needed:

Claim 1. lim sin(h)
h—0 h

Claim 2. lim 5 =1 _
h—0 h

=1.

0.

Once these claims are established, the derivative of sin(z) is found as follows:

sin(z + h) — sin(z)

. I 1
(sin(a))’ = lim )
i sin(z) cos(h) + cos(x) sin(h) — sin(x)
= h
i sin(z) cos(h) — sin(x) + cos(x) sin(h)
= h
1 '
= lii% (sin(az)% + cos(:z:)&}ghv
o . cos(h)—1 . . sin(h)
= ot fi G et i
L . cos(h)—1 . sin(h)
= sin(z) }lll_% — + cos(x) ’1113%) 7
= sin(x) x 0+ cos(x) x 1 (by claims 1 and 2)
= cos(x).

This proves the theorem. O
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Theorem 6. If for a differentiable function f on some interval (a,b), f'(x) = 0, then f is constant on
(a,b).

Proof. Let x; and x2 be any two numbers in (a, b) with 1 < x5. Since f is differentiable on (a, b), it must
be differentiable on (z1,x2) and continuous on [z1, x2]. By applying the Mean Value Theorem to f on the
interval [z, 25, we get a number ¢ such that x; < ¢ < 25 and

f/(c) _ f($2) — f(xl)
To — X1
But we assumed that f’(z) = 0 for all x in (a,b). Therefore, f(z2) — f(z1) = 0, and so f(z2) = f(x1).
Therefore, for any two numbers x1,xs in (a,b), f(z1) = f(x2), and so the function is constant on (a,b).
This proves the theorem. O]
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Theorem 7. If for a differentiable function f on some interval I, f'(x) > 0, then f is (strictly) increasing
on I.

Proof. Let x; and x5 be any two numbers in the interval, z; < z5. According to the definition of an
increasing function, we have to show that f(x;) < f(x2).

Because we are given that f'(x) > 0, we know that f is differentiable on the interval (specifically on [z, x2],
and so by the Mean Value Theorem, there is a number ¢, 1 < ¢ < 9, such that

F(e) = f(x2) — f(ml).
To — X1
Since f’(¢) > 0, the fraction on the right is positive. Since zy > x1, 3 — 21 > 0, and so f(z2) — f(z1) > 0
too. Thus f(x2) > f(z1), and so the function is increasing. This proves the theorem. O
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Theorem 8. If for a differentiable function f on some interval I, f'(x) <0, then f is (strictly) decreasing
on I.

Proof. Let x; and x5 be any two numbers in the interval, 1 < x3. According to the definition of a
decreasing function, we have to show that f(zq1) > f(z2).

Because we are given that f'(z) < 0, we know that f is differentiable on the interval (and specifically on
[z1, 2], and so by the Mean Value Theorem, there is a number ¢, x; < ¢ < x5, such that

f/(c) _ f(l?) — f(xl)
To — X1
Since f’(¢) < 0, the fraction on the right is negative. Since xs > x1, x9 —x1 > 0, and so f(x) — f(x1) < 0.
Thus f(z1) > f(z2), and so the function is decreasing. This proves the theorem. O




